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Abstract. We prove the Hivert–Thiéry coinvariant conjecture by showing that,

throughout its proposed parameter range, the deformed quotient is the ordinary

coinvariant algebra as a graded symmetric-group module. The Artin monomials

form a basis, with a sharp parameter range for n ≥ 2. The proof combines deformed

Koszul relations with a coordinate filtration that applies to weighted tails over

arbitrary fields. The same Koszul mechanism gives normal forms for flat lower-order

differential perturbations of a regular sequence, allowing noncommutative coefficients.

For weighted homogeneous Jacobian systems with isolated singularities, an Euler

identity and the Brieskorn module determine both the resonant parameters and the

graded defect at each of them.
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1. Introduction

In 2004, Hivert and Thiéry introduced a differential deformation of the symmetric

power sums and conjectured that its coinvariants retain the graded Sn-module

structure of the ordinary coinvariant algebra [1]. We prove this throughout their

proposed parameter range and determine exactly when the classical Artin monomials

span the deformed quotient.

Let Pn = C[z1, . . . , zn], let Ei = zi∂zi , and put

Dα,k =
n∑

i=1

zki (1 + αEi), Hα =
∑
k≥1

Dα,k(Pn).

Here and throughout, a sum of operator images is a vector-space sum. Let ei be the

elementary symmetric polynomials and define

Cn = Pn/(e1, . . . , en), En =
{
−r

s
: 1 ≤ r ≤ n, s ≥ r, r, s ∈ Z

}
.

Theorem 1.1. For α /∈ En, there is a graded Sn-module isomorphism

Pn/Hα
∼= Cn.

The classes of the Artin monomials

An = {za11 · · · z
an
n : 0 ≤ ai < i}

form a basis. If n ≥ 2, these monomials span the quotient only when α /∈ En.

The first assertion settles the conjecture, while the basis statement and its converse

identify the exact range of the Artin normal forms for every n ≥ 2. Dotsenko [4,

Theorem 25 and Remark 26] proved the graded-character assertion outside the

larger exceptional set obtained by dropping r ≤ s. The proof here obtains the full

stated range and the monomial basis together. Malyshev’s positive-weight simplex

argument [3, Theorem 5 and Section 3] is a precedent for the coordinate filtration.

The difficulty is that Hα is a sum of operator images, rather than an ideal. We

compare its quotient with a complete intersection by two bounds; the first two Koszul

maps deform with the operators, and their zero composition, together with exactness

at the undeformed point, gives a lower bound for the quotient. For the upper bound,

we separate monomials of full support from those on coordinate hyperplanes. The

former reduce the starting index of the operator family, and the latter reduce the

number of variables. The required coefficients are invertible precisely under the

stated nonresonance conditions. For n ≥ 2, an explicit harmonic polynomial gives

the obstruction to the Artin span at each excluded parameter.
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This induction naturally includes unequal coefficients and every tail of the oper-

ator family. Section 2 proves that weighted theorem over an arbitrary field before

specializing to Theorem 1.1. The deformed Koszul relations also assemble into a

finite Lie–Rinehart resolution. Over the universal parameter ring, it is a minimal

linear free resolution in each polynomial degree, so specialization and parameter shifts

are controlled by finite complexes (Section 3). The same coordinate decomposition

survives for monomial reflection groups and flat matrix residues; these forms are

developed in Section 4.

A complementary use of Koszul exactness treats differential perturbations that

lower a positive grading. Lifting the full complex preserves a homogeneous normal form.

If X1, . . . , Xr form a free Lie module of polynomial vector fields and X1η, . . . , Xrη

is a regular sequence, every fixed homogeneous complement to their ideal remains a

complement after a flat lower-order perturbation. The result permits noncommutative

coefficient algebras and applies to free arrangements; constant matrix curvature is

handled by a quotient of the coefficient module (Section 5).

In weighted homogeneous Jacobian systems, the differential and multiplication

terms have equal degree, so exceptional parameters can occur. For isolated singu-

larities, an Euler identity isolates the possible resonant degree, and the Brieskorn

module measures its defect exactly. Section 6 carries this out for hypersurfaces and

complete intersections, including graded symmetry representations.

We write pj =
∑

i z
j
i , [j]q = 1+ q+ · · ·+ qj−1, and [n]q! =

∏n
j=1[j]q. Hilbert-series

inequalities are coefficientwise. Multiplication by f is denoted by Mf ; its position in

a composition will matter.

2. Weighted power operators

The lower bound comes from a general observation about a polynomial family of

complexes. It will also be used for matrix coefficients.

Lemma 2.1. Let U, V,W be finite-dimensional vector spaces over a field K, and let

G(t) : U −→ V, F (t) : V −→W

be polynomial families of linear maps in one or finitely many parameters. Suppose

F (t)G(t) = 0 identically. If imG(t0) = kerF (t0) at one parameter value t0, then

rankF (t) ≤ rankF (t0)

at every parameter value. The same assertion applies after taking multiplicity spaces

for a finite group whose order is invertible in K, provided the maps are equivariant.
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Proof. Let rF , rG be the ranks over the rational function field of the parameter space.

A minor nonzero at t0 is a nonzero polynomial, so

rF ≥ rankF (t0), rG ≥ rankG(t0).

Since FG = 0, we have rF + rG ≤ dimV . Exactness at t0 gives rankF (t0) +

rankG(t0) = dimV . Thus both inequalities are equalities. Every minor of size

greater than rF vanishes identically, proving the claim at every specialization.

For such a finite group, the functor HomG(L,−), for any representation L, is

exact. Applying the preceding argument to these finite-dimensional multiplicity

spaces proves the last assertion. □

2.1. A general tail theorem

Let K be a field and put Pn = K[z1, . . . , zn]. For c = (c1, . . . , cn) ∈ Kn, λ ∈ K, and

k ≥ 1, put

Ak(c, λ) =
n∑

i=1

zki (ci + λEi), Bk(c, λ) =
n∑

i=1

(ci + λEi)Mzki
.

The original operators are Ak(1, α). We work first with Bk because the reversed

order turns the characteristic-polynomial recurrence into a relation among operator

images. For a nonempty subset I ⊆ [n], write cI =
∑

i∈I ci. Fix an integer m ≥ 1,

and consider the condition NRm

cI + λs ̸= 0 for every ∅ ̸= I ⊆ [n] and every integer s ≥ m|I|. (2.1)
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Theorem 2.2. Under (2.1), the quotient

QB
n,m(c, λ) = Pn

/∑
k≥m

Bk(c, λ)(Pn)

has the monomial basis

An,m = {za : 0 ≤ ai < m+ i− 1 for 1 ≤ i ≤ n}. (2.2)

Its Hilbert series is

Fn,m(q) =
m+n−1∏
j=m

[j]q.

For every subgroup G ≤ Sn fixing c, it is isomorphic as a graded K[G]-module to

Pn/(hm, hm+1, . . . , hm+n−1),

where hj denotes the complete homogeneous symmetric polynomial. If all ci coincide,

the comparison may equivalently use the power sums pm, . . . , pm+n−1. The same

assertions hold with Ak in place of Bk if additionally

ci + λa ̸= 0 (1 ≤ i ≤ n, 0 ≤ a < m). (2.3)

Lower bound. Set J = {m, . . . ,m + n − 1}. The characteristic polynomial gives

symmetric homogeneous polynomials Rℓj , for ℓ ≥ m and j ∈ J , with

zℓi =
∑
j∈J

Rℓjz
j
i , Bℓ =

∑
j∈J

BjMRℓj
.

The first identity is initialized by Rℓj = δℓj for ℓ ∈ J , and extended by the monic

recurrence of length n. The order of multiplication in the second identity is essential.

In particular, the first n tail operators generate the joint image. Direct calculation

also gives

[Bi, Bj ] = λ(j − i)Bi+j .

Thus the usual Koszul relation between Bi and Bj has a controlled error; their

commutator is another tail operator. Expressing that operator in the first n generators

supplies the correction below.
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On the graded spaces

C1 =
⊕
j∈J

Pn(−j)ϵj , C2 =
⊕
i,j∈J
i<j

Pn(−i− j)ϵij ,

define

F (fϵj) = Bjf,

G(fϵij) = Bjfϵi −Bifϵj − λ(j − i)
∑
k∈J

Ri+j,kfϵk.

Then FG = 0 identically. At λ = 0 over K(c1, . . . , cn), these are the first two Koszul

maps for the weighted powers
∑

i ciz
j
i , j ∈ J . This sequence is regular in every

characteristic. At a common zero, group the nonzero coordinate values as y1, . . . , yr,

with index blocks I1, . . . , Ir. The first r equations give

r∑
a=1

cIay
m
a yka = 0 (0 ≤ k < r).

The Vandermonde matrix is invertible, whereas every cIa is a nonzero sum of inde-

pendent indeterminates. Thus the only common zero is the origin, proving regularity.

Lemma 2.1 makes every larger polynomial minor vanish. Thus at every parameter

value over K,

Hilb(QB
n,m; q) ≥ Fn,m(q). □

Upper bound and basis. The induction separates monomials with full support from

those on a coordinate hyperplane. The first part lowers the tail index; the second

lowers the number of variables. To track nonresonance, put

βi = ci +mλ, βI =
∑
i∈I

βi.

Condition (2.1) is equivalent to βI + λt ≠ 0 for every nonempty I ⊆ [n] and every

integer t ≥ 0. Write π = z1 · · · zn. When m = 1, the identity

n∑
k=1

(−1)k−1BkMen−k
= Mπ

(
c[n] + λ(E + n)

)
shows that πPn is hit, since the last factor acts in degree d by β[n] + λd ≠ 0. Filter

R = Pn/πPn by the stable subspaces

Fi = (zi+1 · · · zn)R, 0 = F0 ⊆ F1 ⊆ · · · ⊆ Fn = R.
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This filtration sorts boundary monomials by their largest zero index. Indeed, if

µi =
∏

j>i zj , the map

K[z1, . . . , ẑi, . . . , zn] −→ Fi/Fi−1, f 7−→ µif,

is a vector-space isomorphism shifted in degree by n − i. In that layer the i-th

operator summand vanishes because it introduces a positive power of zi, placing the

result in Fi−1. For j > i, the extracted factor zj adds one to the Euler operator.

The remaining summands are therefore the same operators in n− 1 variables, with

coefficients

c′j = cj (j < i), c′j = cj + λ (j > i). (2.4)

Each surviving βj is unchanged or replaced by βj + λ, so every new nonresonance

scalar is an old one with a larger nonnegative index. Taking a joint-image quotient is

right exact, so each layer contributes at most its lower-variable quotient. Summing the

degree shifts gives the upper bound [n]qFn−1,1 = Fn,1, and the lifted lower-variable

bases partition An,1.

For m ≥ 2, the same characteristic identity gives

Bℓ(c, λ)Mπ =
n∑

k=1

(−1)k−1Bℓ+k(c, λ)Men−k
, (2.5)

Bℓ(c, λ)Mπ = MπBℓ(c+ λ1, λ).

For ℓ ≥ m − 1, every index on the right of (2.5) is at least m. Consequently the

image of πPn in QB
n,m is a quotient of the degree-shifted space qnQB

n,m−1(c+ λ1, λ).

This reduction leaves the shifted coefficients unchanged, since

(ci + λ) + (m− 1)λ = βi,

so the lower-tail nonresonance condition follows. The remaining quotient is the tail

quotient of Pn/πPn. Its same boundary filtration has shifts (2.4), preserving NRm.

Induction on n +m, with the preceding m = 1 case and the convention F0,m = 1,

therefore gives

Hilb(QB
n,m; q) ≤ qnFn,m−1 + [n]qFn−1,m

=
(
qn[m− 1]q + [n]q

)
Fn−1,m = Fn,m.

For the spanning assertion, the monomials in An,m with all exponents positive are

πAn,m−1. Those with a zero coordinate partition according to the largest zero index,

and are exactly the lifts of the lower-variable bases through the boundary filtration.

Thus An,m spans, and equality with the lower bound makes it a basis.
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Finally, (2.3) and the singleton cases of NRm make T =
∏

i(ci+λEi) invertible. On

every monomial, TAkT
−1 = Bk. This diagonal map preserves the stated monomial

span and is equivariant for every permutation fixing c. It transfers the basis and

Hilbert series to the A family. □

Equivariance. The nonresonance hypothesis itself makes K[G] semisimple. In char-

acteristic p > 0, no value among the ci occurs p times; choose p equal coefficients

and an integer s ≥ mp divisible by p to contradict cI + λs ≠ 0. The stabilizer of c

is therefore a product of symmetric groups on fewer than p letters, and its order is

prime to p.

Choose an independent coefficient for each G-orbit, and repeat the lower-bound

argument on each G-multiplicity space. Its weighted power sequence at λ = 0 is

regular by the same Vandermonde argument; each nonempty block sum is a nonzero

linear combination of the orbit coefficients. In characteristic p, its coefficients are at

most the orbit sizes, all smaller than p.

The comparison sequence hm, . . . , hm+n−1 is regular over every field. At a common

zero, the recurrence for complete homogeneous functions forces every later hj to

vanish. Then H(t) =
∑

j hjt
j is a polynomial satisfying

∏
i(1 − zit)H(t) = 1, so

every zi = 0. Its Koszul resolution and that of the generic weighted powers have

identical invariant generator degrees, and hence identical graded G-multiplicities. The

specialized multiplicity lower bounds, together with the proved dimension equality,

give the comparison. This argument does not require K to split G; for a simple

module L, its multiplicity is dimK HomG(L,−)/dimK EndG(L).

If the coefficients all coincide, the characteristic is zero or greater than n. The

ordinary power sequence is then regular too, since its Vandermonde block sums are

nonzero integers at most n. Its Koszul resolution gives the same character. Finally,

the diagonal conjugation above transfers every assertion to the A family. □

2.2. The Hivert–Thiéry quotient

For ci = 1, λ = α, and m = 1, the nonresonance condition of Theorem 2.2 is exactly

α /∈ En. Thus its B-quotient has the Artin basis and the graded character of Cn. The

diagonal operator

Tα =
∏
i

(1 + αEi)

is invertible in this range and satisfies

TαDα,kT
−1
α =

∑
i

(1 + αEi)Mzki
.
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Indeed, on a monomial the coefficient 1 + αai is changed to 1 + α(ai + k). Since

Tα preserves each monomial line and commutes with Sn, this proves the sufficiency

assertion of Theorem 1.1. Over C, for the scalar family ci = 1, λ = α, the sufficient

excluded parameters for the tail k ≥ m are{
−r

s
: 1 ≤ r ≤ n, s ≥ mr

}
∪
{
−1

a
: 1 ≤ a < m

}
.

At m = 1 this is exactly the original exceptional set; the second list is empty.

2.3. The exceptional parameters and the Artin basis

The obstruction is detected on a subset of the variables; a harmonic copy of the

standard representation occurs beyond its usual coinvariant degrees.

Necessity in Theorem 1.1. When n = 1, the identity Dα,k(1) = zk1 shows directly that

the singleton {1} is a basis for every complex parameter.

Suppose now n ≥ 2 and α ∈ En. We may write α = −r/s with 2 ≤ r ≤ n and

s ≥ r; if an initial representation has numerator one, replace 1/s by 2/(2s). Setting

zr+1 = · · · = zn = 0 commutes with every Dα,k, and therefore induces a surjection

from the n-variable quotient to the r-variable quotient. It also maps the Artin span

onto the r-variable Artin span, so it is enough to show that the latter does not span.

Use the Fischer bilinear pairing

⟨za, zb⟩ = a! δa,b.

The adjoint of the original operator on r variables is

D∗
α,k =

r∑
i=1

(
∂k
i + αzi∂

k+1
i

)
.

Its common kernel is the graded dual of the hit quotient.

Put S = z1 + · · ·+ zr and L = z1− z2. The harmonic vector f = Ss−1L was found

by D’Adderio and Moci [2, Theorem 6.3]. Its resonance is visible in the following

one-variable calculation. For every univariate polynomial ϕ, Leibniz’s rule gives

D∗
α,k

(
ϕ(S)L

)
=
(
(r + α(k + 1))ϕ(k)(S) + αSϕ(k+1)(S)

)
L. (2.6)

Indeed,
∑

i ∂iL = 0 and
∑

i zi∂iL = L. For ϕ(S) = Ss−1, homogeneity reduces the

right side to (r + αs)ϕ(k)(S)L = 0 for every k ≥ 1.

The Sr-orbit of f spans a copy of the standard representation in degree s. The

classical coinvariant ring Cr contains that representation only in degrees 1, . . . , r − 1,
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once in each. Here is a short justification of this familiar fact. The permutation rep-

resentation is the sum of the trivial and standard representations, and its multiplicity

space in Cr is C
Sr−1
r . Exactness of invariants and the elementary-symmetric relations

give

CSr−1
r

∼= C[zr, e′1, . . . , e′r−1]/(e1, . . . , er)
∼= C[zr]/(zrr),

where e′j is elementary symmetric in the first r− 1 variables. Indeed ej = e′j + zre
′
j−1

successively gives e′j = (−zr)j , followed by zrr = 0. The trivial multiplicity space is

CSr
r = C, leaving standard multiplicity series q + q2 + · · ·+ qr−1.

The comparison of all other multiplicities does not assume the desired conclusion

at this exceptional parameter. In each degree, the original hit matrix has polynomial

entries in α. The already proved theorem at nonexceptional parameters identifies its

generic graded character with Cr. A specialization can only decrease matrix rank,

also on every irreducible multiplicity space. Thus every multiplicity in the harmonic

kernel is at least its generic value. Since s ≥ r, the standard copy just constructed

is additional. Consequently, in degree s, the harmonic kernel has dimension strictly

greater than dim(Cr)s, the number of degree-s Artin monomials in r variables.

The degree-s quotient therefore has larger dimension than the Artin span. The r-

variable Artin classes do not span, and coordinate restriction gives the same conclusion

in n variables. □

Remark 2.3. For n = 5 and α = −3/4, the polynomial (z1 + z2 + z3)
3(z1 − z2) is

harmonic and annihilates every standard Artin monomial in five variables; its degree

is four, while an Artin monomial supported on the first three variables has degree at

most three. The Artin classes therefore do not span. D’Adderio and Moci [2] predict

the usual graded coinvariant character at this parameter.

2.4. Arithmetic progressions of operator indices

Restricting the indices to multiples of h preserves each exponent class modulo h. On

these residue blocks the operators are again weighted tails, which explains both the

enlarged monomial ranges and the appearance of monomial reflection groups.
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Corollary 2.4. Let h,m ≥ 1, and retain only the operators Bhk(c, λ) with k ≥ m.

Suppose

cI + λs ̸= 0 (∅ ̸= I ⊆ [n], s ∈ Z, s ≥ hm|I|).

Their joint-image quotient has basis

{za : 0 ≤ ai < h(m+ i− 1)}

and Hilbert series
∏m+n−1

j=m [hj]q. Over C, for equal coefficients it is isomorphic, as a

graded G(h, 1, n)-module, to

Pn/(phm, ph(m+1), . . . , ph(m+n−1)).

The corresponding Ahk assertion holds if additionally ci + λa ̸= 0 for 0 ≤ a < hm.

Proof. Decompose the polynomial space into its stable residue blocks

Pn =
⊕

r∈{0,...,h−1}n
zrK[x1, . . . , xn], xi = zhi .

On the block indexed by r, the operators are the tail operators in the x variables

with coefficients c′i = ci+λri and slope λ′ = hλ. For s ≥ m|I|, their required scalar is

c′I + λ′s = cI + λ
(∑

i∈I
ri + hs

)
,

which is nonzero by hypothesis. Theorem 2.2 gives the block basis 0 ≤ bi < m+ i− 1.

The lifted exponents ai = ri +hbi give precisely the displayed basis and Hilbert series.

Over C, the two-map comparison in the preceding proof works with indices

hm, . . . , h(m+ n− 1), recurrence coefficients symmetric in zhi , and the comparison

sequence phm, . . . , ph(m+n−1). This sequence is regular by the same Vandermonde

argument applied to xi = zhi . All maps are G(h, 1, n)-equivariant, so the lower bound

on every multiplicity and the already established equality of dimensions prove the

assertion. The extra hypothesis for A, together with the singleton nonresonance

condition for a ≥ hm, again makes the diagonal conjugation invertible. □

When m = 1, this gives the ordinary G(h, 1, n) coinvariant module.

2.5. Zero intercept and exact support decomposition

When the multiplication intercept vanishes, the diagonal conjugation used above is no

longer invertible. Exact support provides a different decomposition; over C, consider
the vector fields

Lhk =
n∑

i=1

zhk+1
i ∂zi , k ≥ m.
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Their coefficients vanish on monomials whose relevant exponent is zero, so they

preserve each exact-support summand

Pn =
⊕
I⊆[n]

zIC[zi : i ∈ I], zI =
∏
i∈I

zi.

On the summand indexed by I, multiplication by zI identifies their action with

Ahk(1, 1) in |I| variables. All nonresonance conditions above are then automatic.

Consequently

Hilb

Pn

/∑
k≥m

Lhk(Pn); q

 =
n∑

r=0

(
n

r

)
qr

m+r−1∏
j=m

[hj]q.

A basis is obtained by choosing I = {i1 < · · · < ir} and taking

r∏
j=1

z
aj
ij
, 1 ≤ aj ≤ h(m+ j − 1),

including the constant for I = ∅. For h = m = 1, the dimension is
∑n

r=0

(
n
r

)
r! = ⌊e n!⌋,

and the full-support summand has the usual shifted Artin basis.

2.6. Coefficient fields and equivariant families

The coordinate reductions depend only on the displayed nonresonance scalars, so

they also describe which coefficient fields and parameter rings support the same basis.

Over a field of characteristic p > n, the original Hivert–Thiéry conclusion holds for

α = 0 and for every α /∈ Fp. For such a parameter all the pivots r + αs, 1 ≤ r ≤ n,

s ≥ r, are nonzero. Here (h1, . . . , hn) = (e1, . . . , en). For the arithmetic-progression

representation statement one may use hm(zh1 , . . . , z
h
n), . . . , hm+n−1(z

h
1 , . . . , z

h
n). The

corresponding monomial group acts when the field contains the needed roots of

unity; semisimplicity requires the characteristic not to divide the order of its diagonal

subgroup.

There is also a family-level strengthening in characteristic zero. Put

Rn = C
[
α, (r + sα)−1 : 1 ≤ r ≤ n, s ≥ r

]
.

Define the operators and their joint image over Rn[z]. The coordinate filtration uses

only units of Rn, so the Artin monomials span the universal quotient over Rn. They

are independent over C(α) by the proved generic comparison. A relation over Rn

would lie in the kernel of a map from a free module and become zero over the fraction

field; this kernel is both torsion and torsion free, hence zero. Thus the universal

quotient is a free graded Rn-module with the Artin basis.
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Moreover there is a single, noncanonical graded equivariant isomorphism

Rn[z]/HRn
∼= Cn ⊗C Rn.

Indeed Rn is a localization of the principal ideal domain C[α], and each isotypic

multiplicity module is a finitely generated projective Rn-module, hence free. Its rank

is the classical multiplicity. Choosing bases for these multiplicity modules gives the

isomorphism, which specializes at every α /∈ En.

3. Universal resolutions and differential forms

The dimension comparison used only the first two Koszul maps. Retaining the whole

complex explains how the quotients vary with their parameters and how they interact

with differential forms. We begin with the divergence identity that supplies the

differential, then use the coordinate calculation to control its specializations.

3.1. The divergence–Koszul construction

The first two Koszul maps can be deformed whenever the vector fields form a Lie

module and their multiplication terms satisfy a cocycle identity. Divergence supplies

the correction that makes the composition zero. Let P = C[x1, . . . , xN ], with ordinary

grading or positive integer weights, and let L ⊆ DerC(P ) be a free graded P -module

with homogeneous basis X1, . . . , Xr of positive degrees d1, . . . , dr. Assume that L is

closed under brackets. Write div for divergence relative to dx1 ∧ · · · ∧ dxN . Suppose

that a homogeneous P -linear map ω : L→ P of degree zero satisfies

ω([X,Y ]) = X(ω(Y ))− Y (ω(X)),

and that fi = ω(Xi) form a regular sequence. A closed logarithmic one-form restricted

to L is one source of such a map, but the displayed algebraic hypotheses suffice.

For a parameter t, define

Bt(X)(g) = tX(g) +
(
t divX + (1− t)ω(X)

)
g, Ht =

r∑
i=1

Bt(Xi)(P ).

The divergence identities imply

Bt(aX) = Bt(X)Ma, [Bt(X),Bt(Y )] = tBt([X,Y ]).

In particular, Ht is independent of the chosen basis.
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Theorem 3.1. Over C(t), the quotient P/Ht has the graded Hilbert series of the

complete intersection P/(f1, . . . , fr). At every complex specialization, each graded

dimension is at least its complete-intersection value. If a finite group acts linearly,

preserves the grading and L, and makes ω equivariant, the same statements hold for

each graded irreducible multiplicity.

Proof. Set

Ft : L→ P, Ft(X) = t divX + (1− t)ω(X).

Since Ft(aX) = Bt(X)(a), its image is Ht. Define the C-linear map Gt :
∧2

P L→ L

by

Gt(X ∧ Y ) = Ft(Y )X −Ft(X)Y − t[X,Y ].

It is well defined on the balanced exterior product, since replacing X by aX, or Y by

aY , gives in both cases

aGt(X ∧ Y ) + tY (a)X − tX(a)Y.

Both divergence and ω satisfy the Lie cocycle identity, so

FtGt(X ∧ Y ) = t
(
XFt(Y )− Y Ft(X)−Ft([X,Y ])

)
= 0.

At t = 0, these are the first two Koszul maps for the regular sequence f1, . . . , fr. They

are exact at L. In each fixed degree all spaces are finite dimensional and the matrices

depend polynomially on t. Lemma 2.1 therefore gives the asserted generic equality

and specialized lower bounds. Linear changes of coordinates preserve divergence, since

the volume form changes by a constant. The maps are consequently equivariant under

the stated group hypotheses, and the same lemma applies to multiplicity spaces. □

For ordinary grading, the generic Hilbert series in this theorem is
∏

i(1− qdi)/(1−
q)N . For weights w1, . . . , wN , the denominator is

∏
j(1− qwj ). “Generic” here means

over the rational function field, or degree by degree after specialization; the theorem

does not assert that a finite exceptional set controls all degrees.
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3.2. The universal parameter resolution

For the weighted power operators, these maps extend to a free resolution over the

ring of independent parameters. Arbitrary specializations need not remain exact. At

the nonresonant parameters considered above, however, the sharp dimension formula

implies local freeness of the universal module, and therefore proves exactness after

specialization as well.

Let K be any field, let n,m ≥ 1, and set

S = K[c1, . . . , cn, λ], P = S[z1, . . . , zn], J = {m,m+ 1, . . . ,m+ n− 1}.

Give the parameters standard degree one. Independently, grade in the z-variables by

total degree. Define

Bk =

n∑
i=1

(ci + λEi)Mzki
, M = P

/∑
k≥m

Bk(P ).

WriteMd for its homogeneous component of z-degree d, retaining the grading in the

parameters.

Theorem 3.2. EachMd has a minimal graded free resolution over S, linear in the

parameter grading, whose term in homological degree p is

Cp(d) =
⊕
I⊆J
|I|=p

S(−p)⊗K K[z1, . . . , zn]d−
∑

k∈I k
. (3.1)

Here a negative-degree polynomial space is zero. Consequently,

βS
p,j(Md) = 0 (j ̸= p), βS

p,p(Md) =
∑
I⊆J
|I|=p

dimK K[z1, . . . , zn]d−
∑

k∈I k
.

For a nonnegative integer a, the last polynomial dimension is
(
n+a−1
n−1

)
.

Proof. The Lie brackets determine the differential; exactness will follow by setting

λ = 0, where the complex becomes an ordinary Koszul complex. We first construct

the Lie module on which this reduction takes place. For k ≥ m, put

Xk =
n∑

i=1

zk+1
i ∂zi , L =

∑
k∈J

PXk ⊆ DerS(P ).

The coefficient determinant of Xm, . . . , Xm+n−1 is, up to sign,

(z1 · · · zn)m+1
∏
i<j

(zj − zi),
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a nonzero polynomial over every field. These vector fields are therefore a free P -basis

of L. The characteristic-polynomial recurrence expresses every Xk, k ≥ m, in this

basis. Together with [Xi, Xj ] = (j−i)Xi+j , this proves closure under brackets; closure

for polynomial multiples follows from the Leibniz rule.

For X ∈ L, define

η(X) = λ div(X) +
n∑

i=1

(ci − λ)
X(zi)

zi
, BX(f) = λX(f) + η(X)f.

The displayed quotients are polynomials, since every X(zi) is divisible by zm+1
i . A

direct calculation gives BXk
= Bk. Divergence and the logarithmic one-forms dzi/zi

satisfy the cocycle identities

η([X,Y ]) = Xη(Y )− Y η(X), η(aX) = aη(X) + λX(a).

Consequently,

[BX ,BY ] = λB[X,Y ], BaX = BXMa. (3.2)

These formulas hold in every characteristic.

Scale the bracket and anchor of L by λ, and give P the right action f ·X = −BX(f).

Equations (3.2) are exactly the right-module compatibilities. Put X = X1 ∧ · · · ∧Xp,

and useXî andXîĵ for the products with the indicated factors omitted. The associated

Chevalley–Eilenberg differential, with first map B, is

dp(fX) =

p∑
i=1

(−1)i−1BXi(f)Xî

+ λ
∑
i<j

(−1)i+j+1f [Xi, Xj ] ∧Xîĵ . (3.3)

Here the symbols Xi in the formula are arbitrary elements of L, not necessarily the

consecutively indexed basis elements. The second identity in (3.2) and the bracket

Leibniz rule make this formula balanced over P ; the first identity and Jacobi give

dp−1dp = 0. For example, in degree two the composite is −[BX ,BY ] + λB[X,Y ] = 0.

Thus this is a well-defined complex of S-modules.

Give the basis vector Xk z-degree k. The differential preserves this degree, and

every coefficient in its matrix is linear in c1, . . . , cn, λ. Taking z-degree d, and shifting

parameter degree in homological degree p by p, gives precisely the finite free modules

(3.1) and homogeneous differentials of degree zero. The characteristic-polynomial

recurrence on the right shows that the image of d1 is the joint image of all tail

operators, so H0(C•(d)) =Md.
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Modulo λ, the complex is the Koszul complex of

pck =

n∑
i=1

ciz
k
i , k = m, . . . ,m+ n− 1,

over K[c1, . . . , cn, z1, . . . , zn]. We verify that this is a regular sequence globally, not

merely at generic coefficients. Passing to an algebraic closure, stratify the common

zero set according to the zero coordinates and to the partition of the remaining

coordinates into blocks I1, . . . , Ir having distinct nonzero values y1, . . . , yr. The first

r equations become

r∑
j=1

(∑
i∈Ij

ci

)
ymj yaj = 0, 0 ≤ a < r.

Vandermonde invertibility forces the r independent linear conditions
∑

i∈Ij ci = 0.

Conversely, these conditions imply all the equations on the stratum. Its z-coordinates

have dimension r, and its coefficient coordinates have dimension n − r, so it has

dimension n. There are only finitely many such strata, including the dimension-n

stratum z = 0. The ideal therefore has height n. Its n homogeneous generators form

a regular sequence in the Cohen–Macaulay polynomial ring. Regularity descends

from the algebraic closure by faithful flatness. Notice that the block-sum constraints

have disjoint supports and coefficient one, so the argument is valid in arbitrary

characteristic.

It follows that C•(d)/λC•(d) is exact in every positive homological degree. Since

each chain module is free over S, the short exact sequence of complexes

0 −→ C•(d)(−1)
λ−−→ C•(d) −→ C•(d)/λC•(d) −→ 0

is valid. Its long exact homology sequence implies Hp(C•(d)) = λHp(C•(d)) for every

p > 0. These homology modules are graded and bounded below. Multiplication by

the positive-degree parameter λ cannot be surjective on a nonzero such module; a

nonzero element of least homogeneous degree would have to come from a smaller

degree. Hence all these positive homology modules vanish. This proves that (3.1) is

a free resolution ofMd.

Every differential entry lies in (c1, . . . , cn, λ), the homogeneous maximal ideal.

Thus the resolution is minimal and has the stated linear Betti numbers. □

At any parameter point with residue field κ, the homology of the specialized

complex is

Hp(C•(d)⊗S κ) ∼= TorSp (Md, κ).
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Its degree-zero group is the specialized joint-image quotient, since cokernels commute

with tensor product. Exactness after specialization can therefore be read from the

quotient dimension.

Corollary 3.3. Fix a z-degree d, and let

rd = [qd]
m+n−1∏
j=m

(1 + q + · · ·+ qj−1).

At a parameter point p ∈ SpecS, with residue field κ, the following conditions are

equivalent

(i) The specialized joint-image quotient has degree-d dimension rd.

(ii) (Md)p is a free Sp-module.

(iii) TorS1 (Md, κ) = 0.

(iv) The specialized finite Lie–Rinehart complex C•(d)⊗S κ is exact in every positive

homological degree.

In particular, if the specialized parameters satisfy

cI + λs ̸= 0
(
∅ ̸= I ⊆ [n], s ∈ Z, s ≥ m|I|

)
,

then the specialized finite Lie–Rinehart complex is exact in every positive homological

degree, in every z-degree.

Proof. The generic rank of Md is rd; tensor its free resolution with Frac(S) and

take the Euler characteristic. Indeed, the generating series of the alternating ranks

is
∏m+n−1

k=m (1− qk)/(1− q)n. This argument is valid in every characteristic. Write

A = Sp and N = (Md)p. This is a finitely generated module of rank rd over the local

domain A.

If dimκN ⊗A κ = rd, choose lifts of a basis of this fiber. Nakayama’s lemma gives

a surjection Ard → N . Its kernel has rank zero, because the source and target have

equal rank. As a submodule of a free module over a domain, that kernel is torsion-free,

so it must be zero. Thus N is free. This argument also covers rd = 0. Conversely,

a free localization necessarily has rank rd, giving the stated fiber dimension. This

proves the equivalence of (i) and (ii).

A free localization has no positive Tor. Conversely, tensor a minimal presentation

0→ K ′ → At → N → 0 with κ. If TorA1 (N,κ) = 0, minimality gives K ′⊗Aκ = 0, and

Nakayama gives K ′ = 0. This proves (ii)⇐⇒(iii); the free resolution identifies these

conditions with (iv). Under nonresonance, Theorem 2.2 gives the fiber dimension rd,

and hence all four conditions in every degree. □
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3.3. Differential-form quotients

The diagonal conjugation used in Theorem 1.1 also applies to Lie derivatives on

differential forms. Write

Xk =
∑
i

zk+1
i ∂i, Ω•

log = P ⊗C

•∧
⟨θ1, . . . , θn⟩, θi =

dzi
zi

.

Assign polynomial degree zero to each θi, and let Sn permute the variables and their

differentials. On this space set

Dα,k = pk + αLXk
, H p

α =
∑
k≥1

Dα,k(Ω
p
log).

Here L denotes the usual Lie derivative.

Theorem 3.4. For every α /∈ En and every 0 ≤ p ≤ n,

Ωp
log/H

p
α
∼= Cn ⊗C

p∧
Cn

as graded Sn-modules, with
∧pCn placed in polynomial degree zero.

The integrable differential

∇α = αd+

(∑
i

θi

)
∧ =

∑
i

(1 + αEi) θi∧

preserves the hit subspaces and makes their quotient into an acyclic complex. An

Sn-equivariant contracting homotopy is induced by

hα =
1

n

∑
i

(1 + αEi)
−1ιi,

where ιi contracts the exterior generator θi.

Proof. For an ordered subset S ⊆ [n], write θS =
∧

i∈S θi. Since LXk
θi = kzki θi, the

operator on the coefficient of θS is∑
i

zki
(
1 + αEi + αk 1i∈S

)
.

Define the diagonal operator on this sector by

TS =
∏
i/∈S

(1 + αEi).
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All its eigenvalues are nonzero at the stated parameters. If i /∈ S, conjugation changes

zki (1+αEi) into (1+αEi)z
k
i ; if i ∈ S, the operator already has the latter form. Hence

the direct sum T =
⊕

S TS is graded and Sn-equivariant, and

TDα,kT
−1 = Bα,k ⊗ 1

on every exterior degree. The scalar theorem proves the module isomorphism.

The operators 1 + αEi commute, so ∇2
α = 0. Moreover,

T∇αT
−1 = ρ∧, ρ =

∑
i

θi.

Indeed, adding i /∈ S to S removes the factor 1 + αEi from TS , exactly canceling

the coefficient in the differential. The transformed differential commutes with every

Bα,k⊗1, and therefore descends to the quotient. The exterior complex with differential

ρ∧ has contracting homotopy n−1
∑

i ιi. Conjugating back gives the displayed hα,

which also commutes with the hit operators. Thus ∇αhα + hα∇α = 1 on the

quotient. □

There is a parallel statement for ordinary polynomial forms Ωp
P = P ⊗∧p⟨dz1, . . . , dzn⟩. Give dzi degree one and use the same formula Dα,k = pk + αLXk

.

Theorem 3.5. For every α /∈ En,

Ωp
P

/∑
k≥1

Dα,k(Ω
p
P )
∼= Cn ⊗C

p∧
Cn

as graded Sn-modules, with the exterior factor placed in degree p.

Proof. Now LXk
dzi = (k + 1)zki dzi. On the dzS sector, conjugation by the same TS

therefore gives the weighted scalar family

BS
k =

∑
i

(cSi + αEi)Mzki
, cSi = 1 + α1i∈S .

For every nonempty I ⊆ [n] and every integer s ≥ |I|, its nonresonance scalar is∑
i∈I

cSi + αs = |I|+ α
(
s+ |I ∩ S|

)
,

which is nonzero because α /∈ En. The weighted scalar theorem thus identifies this

sector quotient with Cn, restricted to its stabilizer SS × SSc .

The exterior generator dzS contributes the sign representation of SS and degree p.

Inducing over all p-element subsets gives

IndSn
Sp×Sn−p

(
ResSn

Sp×Sn−p
Cn ⊗ (sgnp⊠1)

)
∼= Cn ⊗

p∧
Cn,
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with the asserted degree shift. □

3.4. Parameter shifts and a finite Witt complex

Multiplication by a variable shifts one coefficient of the weighted operators. These

maps form a Koszul complex, whose homology is computed by a finite truncation of

the positive Witt algebra. Fix m ≥ 1. For a commutative C-algebra R and parameters

c1, . . . , cn, λ ∈ R, write

Bc
k =

∑
i

(ci + λEi)Mzki
, Qc = R[z1, . . . , zn]

/∑
k≥m

Bc
k(R[z]).

For S ⊆ [n], set QS = Qc+λ1S
. The identity

Bc
kMzi = MziB

c+λei
k

shows that multiplication by zi induces QS → QS\i whenever i ∈ S. Define the chain

complex

Kp(c, λ) =
⊕
S⊆[n]
|S|=p

QSεS , κ([f ]εS) =
∑
i∈S

(−1)posS(i)−1[zif ]εS\i. (3.4)

Give εS polynomial degree |S|; thus κ has degree zero. Commutativity of the

multiplications proves κ2 = 0.

The parameter shift is exactly what makes this polynomial Koszul differential

commute with the operator resolution. The resulting double complex can be read in

either direction; resolving the operators gives K•, while resolving the coordinates sets

z = 0 and leaves only the constant bracket coefficients. These coefficients form the

following finite Lie algebra.

Let wm,n be the graded complex Lie algebra with basis um, . . . , um+n−1, deg uj = j,

and brackets

[ui, uj ] =

(j − i)ui+j , i+ j ≤ m+ n− 1,

0, i+ j > m+ n− 1.
(3.5)

It is the quotient of the Lie algebra with basis uj , j ≥ m, by the ideal spanned by uj ,

j ≥ m+ n. Write ∂ for its Chevalley–Eilenberg differential with trivial coefficients,

using the sign convention

∂(ui1 ∧ · · · ∧ uiq) =
∑
a<b

(−1)a+b+1[uia , uib ] ∧ ui1 ∧ · · · ûia · · · ûib · · · ∧ uiq .

In particular ∂(ui ∧ uj) = [ui, uj ].
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Theorem 3.6. Assume that every scalar∑
i∈I

ci + λs, ∅ ̸= I ⊆ [n], s ≥ m|I|, (3.6)

is a unit of R. There is a natural zigzag of graded quasi-isomorphisms

K•(c, λ) ←− TotD −→
(
R⊗C

•∧
wm,n, λ∂

)
. (3.7)

It commutes with all coordinate permutations preserving the parameters. The induced

action on the finite Lie algebra wm,n is trivial.

With the independent universal parameters S0 = C[c1, . . . , cn, λ], the same quasi-

isomorphism holds over S0 before any localization. The unit condition (3.6) ensures

that it continues to hold for the ordinary quotient complex after arbitrary specialization

of parameters.

Proof. Let PR = R[z], and let LR be the free PR-module with basis

Xk =
∑
i

zk+1
i ∂i, k = m, . . . ,m+ n− 1.

For independent parameters this is the Lie–Rinehart module used in Theorem 3.2.

The operator for weights c is

BcX(f) = λX(f) +

(
λ divX +

∑
i

(ci − λ)
X(zi)

zi

)
f.

For X = Xk, it is B
c
k . We use the right action and differential of (3.3). Every X ∈ LR

has X(zi) divisible by zi, and

BcXMzi = MziB
c+λei
X . (3.8)

Thus the ordinary polynomial Koszul complex

Kpol
p =

⊕
|S|=p

PRεS , κ =
∑
i

ziιi,

is a complex of right Lie–Rinehart modules when the sector εS has weights c+ λ1S .

The differential κ is PR-linear.

Set

Dp,q = Kpol
p ⊗PR

q∧
PR

LR.

Use the Koszul differential in the p-direction and the finite Lie–Rinehart differential

in the q-direction, with the usual total-complex sign. Equation (3.8) makes these
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differentials commute before the total sign is inserted. Give the exterior generator

Xk degree k. The total polynomial degree is therefore the coefficient degree plus |S|
plus the sum of the exterior indices k; both differentials preserve it.

First work over S0. For a fixed S, its q-complex is the universal free resolution

from Theorem 3.2, after the polynomial automorphism ci 7→ ci + λ1i∈S . It is exact in

positive q, with degree-zero homology QS . The augmentation to that quotient gives

the left arrow in (3.7); it is zero for q > 0, and for q = 0 it sends each polynomial

coefficient to its class in QS . The bounded double-complex spectral sequence proves

that this arrow is a quasi-isomorphism.

For the other direction, fix q. Since
∧q LR is free over PR, the p-complex is the

polynomial Koszul resolution of its fiber at z = 0. Its only homology is in degree

p = 0, where it equals
q∧
R

(
LR/(z1, . . . , zn)LR

)
.

The second augmentation is zero for p > 0, and for p = 0 evaluates the coefficient at

z = 0. The action terms in its induced differential vanish; BcXk
(f)(0) = 0 for every

polynomial f , since k ≥ m ≥ 1. Only constant bracket coefficients survive. Since

[Xi, Xj ] = (j − i)Xi+j , these are precisely (3.5) when the sum lies in the basis range.

If i+ j > m+ n− 1, its expression in that range has coefficients of positive degrees

i + j − k, which vanish at the origin. The induced differential is consequently λ∂.

This proves the right-hand quasi-isomorphism over S0.

Now localize S0 by all the scalars in (3.6). The shifted sectors have the same

nonresonance property, since∑
i∈I

(ci + λ1i∈S) + λs =
∑
i∈I

ci + λ(s+ |I ∩ S|).

The coordinate reductions in Theorem 2.2 use only the inverted scalars, and the

resulting Artin classes are independent over the fraction field. Thus each homogeneous

quotient is free over this localization. Its augmented Lie–Rinehart resolution is split

exact, and remains so after every base change to R satisfying (3.6). The polynomial

Koszul resolution also survives every such base change. The same two augmentations

prove (3.7) over R.

All constructions commute with coordinate permutations. Each Xk is itself

invariant under those permutations, so the action on its fiber class uk is trivial. □

The homology of the finite model gives an exact universal torsion description. Put

Hq = Hq(wm,n;C), Bq = im

(
∂ :

q+1∧
wm,n →

q∧
wm,n

)
,
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and set B−1 = 0. All of these spaces retain their polynomial grading. Choosing

homogeneous complements to cycles and boundaries gives, for any R in Theorem 3.6,

Hq(K•) ∼= (R⊗C Hq) ⊕ ((R/λR)⊗C Bq) ⊕ (AnnR(λ)⊗C Bq−1). (3.9)

The decomposition is not canonical, but its summands and gradings are specified.

Indeed, in the chosen decomposition the only nonzero blocks of ∂ identify a complement

to the cycles in degree q with Bq−1; multiplying these blocks by λ gives (3.9) directly.

For the universal polynomial ring, or its nonresonance localization, λ is a nonzero

divisor, so the last summand is absent. The entire torsion is killed by one power of λ.

Over C, at λ = 0 the homology is the full exterior space
∧q wm,n, whereas at any

λ ̸= 0 it is Hq. The first homology is completely explicit

[wm,n,wm,n] = ⟨u2m+1, . . . , um+n−1⟩,

where the span is zero if the lower limit exceeds the upper. For the reverse inclusion

one uses [um, uj−m] = (j − 2m)uj . Thus, at a nonzero parameter,

H1(K•) ∼=
min(2m,m+n−1)⊕

j=m

Cuj , dimH1 = min(m+ 1, n).

Over the universal ring, its free summands have these same degrees, and it has one

λ-torsion summand in each degree 2m+ 1, . . . ,m+ n− 1.

For the original one-parameter problem take m = 1, ci = 1, and λ = α. On the

polynomial-form hit quotients of Theorem 3.5, the cube differential becomes

κα =
∑
i

(1 + αEi)
−1Mzi ιdzi . (3.10)

This follows by conjugating (3.4) with the sectorwise operators TS used there. It has

total polynomial degree zero, its square is zero, and it descends to the hit quotients.

For every α /∈ En its complex is quasi-isomorphic to (
∧•w1,n, α∂). In particular, all

its homology carries the trivial Sn-action. At α = 0 it recovers the exterior classes in

degrees 1, . . . , n; at every allowed α ̸= 0, its first homology has one class in each of

degrees 1, 2 when n ≥ 2, and only the degree-1 class when n = 1.
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Corollary 3.7 (Stable pentagonal degrees). For the original polynomial-form complex

(3.10), let α /∈ En and α ̸= 0. For every homological degree p ≥ 1 and every polynomial

degree 0 ≤ d ≤ n,

dimCHp(κα)d =

1, d = (3p2 − p)/2 or d = (3p2 + p)/2,

0, otherwise.

Every nonzero group in this formula is the trivial Sn-module.

Proof. In total polynomial degree d ≤ n, every exterior basis index and every bracket

output is at most n. The complex of w1,n is therefore exactly the degree-d part of

the Chevalley–Eilenberg complex of the infinite positive Witt algebra, with basis uj ,

j ≥ 1. Goncharova’s theorem gives its positive-degree homology in precisely the two

displayed weights [9]; see also [10, Theorem 1.4] for the stated grading convention.

Cohomology and homology have identical dimensions in each fixed weight, since their

finite-dimensional complexes are dual. The result now follows from Theorem 3.6. □

4. Monomial reflection groups and residues

We return to the coordinate filtration. Arithmetic progressions gave the G(h, 1, n)

quotients; the product invariant of G(h, p, n) requires a thicker coordinate boundary.

Let K be a field, put P = K[z1, . . . , zn], and fix p | h and a = h/p. Over C, the
group G(h, p, n) consists of monomial matrices whose nonzero entries are h-th roots

of unity and whose product of nonzero entries has a-th power one. Set π = z1 · · · zn,
retain the operators Bhk(c, λ), k ≥ 1, and add

JB = (c[n] + λE)Mπa .
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Theorem 4.1. Suppose

cI + λs ̸= 0
(
∅ ̸= I ⊊ [n], s ≥ h|I|

)
,

c[n] + λs ̸= 0
(
s ≥ an

)
,

where s is integral. Then the quotient by the joint images of Bhk, k ≥ 1, and JB has

Hilbert series

[an]q

n−1∏
j=1

[hj]q.

A basis is the disjoint union, over 1 ≤ i ≤ n, of the monomials zb with

0 ≤ bj < hj (j < i), 0 ≤ bi < a, a ≤ bj < a+ h(j − 1) (j > i).

Over C, for equal coefficients, the quotient is the graded G(h, p, n) coinvariant module.

Over C, the same conclusions hold for Ahk(c, λ) together with

JA = Mπa(c[n] + λE)

if the proper-subset condition above holds and, in addition,

ci + λs ̸= 0 (1 ≤ i ≤ n, s ≥ 0), c[n] + λs ̸= 0 (s ≥ 0).

Proof. For the lower bound in the B case, use the free module of derivations with

basis

Xhk =
∑
i

zhk+1
i ∂i (1 ≤ k < n), Y = πaE.

Its coefficient determinant is, up to sign, πa+1
∏

i<j(z
h
j − zhi ), hence is nonzero. It is

closed under brackets. Besides the Witt brackets, one has

[Xhk, Y ] = aphkY − hkπaXhk.

The characteristic identity, with ej evaluated in zh1 , . . . , z
h
n, gives

n∑
k=1

(−1)k−1en−kXhk = πh−aY.

It expresses Xhn, and then every higher Xhk, in this basis.

Use the cocycle and operators from the preceding universal construction,

η(X) = λ divX +
∑
i

(ci − λ)
X(zi)

zi
, BX = λX +Mη(X).
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They give BXhk
= Bhk and BY = JB. Right balance and the commutator identity

give the first two Koszul deformation maps exactly as before. Over the field of

independent coefficients K(c1, . . . , cn), the comparison sequence at λ = 0 is∑
i

ciz
h
i , . . . ,

∑
i

ciz
(n−1)h
i , c[n]π

a.

It is regular; at a common zero, π = 0, and the remaining at most n−1 distinct nonzero
values among zhi are ruled out by the Vandermonde argument, since every nonempty

block sum of the independent coefficients is nonzero. The rank lemma identifies

the generic quotient dimension with the complete-intersection value. Specialization

cannot increase matrix rank, so this is a lower bound at every parameter. For equal

coefficients over C, apply the same argument at ci = 1, λ = 0 on each multiplicity

space. Its comparison sequence is ph, . . . , p(n−1)h, nπ
a.

For the upper bound, the image of JB is exactly πaP , because on a monomial of

degree d its scalar coefficient is c[n] + λ(d+ an). Filter P/πaP by

Fi = (zi+1 · · · zn)a(P/πaP ), 0 ≤ i ≤ n.

The i-th layer is the direct sum of a copies, shifted by a(n − i) + b, 0 ≤ b < a, of

the (n− 1)-variable arithmetic-progression module, with coefficients cj for j < i and

cj + λa for j > i. The omitted term raises the i-th exponent by at least h ≥ a and

vanishes in the layer. The proper-subset hypotheses ensure nonresonance on all these

layers. Thus right exactness gives

HilbQ ≤ [a]q

n∑
i=1

qa(n−i)
n−1∏
j=1

[hj]q = [an]q

n−1∏
j=1

[hj]q.

The lifted bases are precisely the displayed disjoint union. The lower bound makes

them independent and proves the character statement.

Over C, the invariant ring of G(h, p, n) is

C[e1(zh), . . . , en−1(z
h), πa].

Indeed invariance under its diagonal subgroup gives
⊕p−1

b=0 π
abC[zh1 , . . . , zhn]; taking

symmetric invariants and using πap = en(z
h) gives the displayed ring. Newton’s

identities identify its positive-generator ideal with the comparison ideal used above.

Finally, under the hypotheses for A, both JA(P ) and JB(P ) equal πaP . The

invertible diagonal map T =
∏

i(ci+λEi) preserves this monomial ideal and conjugates

every Ahk to Bhk. It therefore identifies the two quotients, and preserves each

monomial line and the group action in the equal-coefficient case. This proves all

assertions. □
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Corollary 4.2. Over S = K[c1, . . . , cn, λ], letMh,p be the universal quotient by Bhk,

k ≥ 1, and JB. Put

(δ1, . . . , δn) = (h, 2h, . . . , (n− 1)h, an).

The entries are indexed degrees and may repeat. For each z-degree d, Mh,p
d has a

minimal linear free resolution over S with term⊕
I⊆[n]
|I|=r

S(−r)⊗K K[z1, . . . , zn]d−
∑

i∈I δi

in homological degree r. At every parameter point satisfying the nonvanishing assump-

tions of Theorem 4.1, this finite Lie–Rinehart complex remains exact in all positive

homological degrees after specialization.

Proof. The derivation basis, bracket formulas, and cocycle in the preceding proof are

valid in every characteristic. Its determinant is still a nonzero polynomial. At λ = 0,

the comparison sequence over K[c, z] is now∑
i

ciz
h
i ,

∑
i

ciz
2h
i , . . . ,

∑
i

ciz
(n−1)h
i , c[n]π

a.

This sequence is globally regular in arbitrary characteristic. To see this, pass to an

algebraic closure and stratify by zero coordinates and by the distinct nonzero values

of zhi . If π = 0, their number r is at most n− 1; the first r power-sum equations force

the r disjoint block sums of the coefficients to be zero. If π ≠ 0, the last equation gives

c[n] = 0, supplying the zeroth power-sum equation. Together with the first r− 1 other

equations, this again forces all r block sums to be zero by Vandermonde invertibility.

In either case there are r independent coefficient constraints, while the z-stratum

has dimension r. The latter statement remains valid when the characteristic divides

h, since the power map is finite even when inseparable. Each stratum therefore has

dimension n. The common zero set has dimension n, so the n generators have height

n and form a regular sequence.

The proof of Theorem 3.2 now applies without change; the complex modulo λ

is this Koszul complex, and positive-degree universal homology vanishes by graded

Nakayama. All matrix entries are linear in the parameters, giving the stated minimal

resolution. Its generic rank in degree d is the coefficient of [an]q
∏n−1

j=1 [hj]q.

At every nonresonant point, Theorem 4.1 gives this same fiber dimension. The

local-freeness argument of Corollary 3.3 then gives exactness of the specialized

complex. □
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4.1. Flat braid residues

The coordinate flag also respects the fusion of logarithmic residues that occurs when a

coordinate is deleted. This allows noncommuting residues along the braid hyperplanes,

provided their flatness relations survive the fusion. Multiplication and differentiation

still have the same degree here; Section 5 will treat differential terms of lower degree.

Let V be a finite-dimensional complex vector space. Assign matrices Rab = Rba ∈
EndC(V ) to the edges of the complete graph on {0, 1, . . . , n}. Assume the relations

[Rab, Rcd] = 0 (a, b, c, d distinct), [Rab, Rac +Rbc] = 0 (a, b, c distinct). (4.1)

Write ci = R0i, bij = Rij , and let λ ∈ C. On P ⊗C V , define

Bk =
∑
i

(ci + λEi)Mzki

+
∑
i<j

bijMhk(zi,zj), hk(x, y) =
xk+1 − yk+1

x− y
.

The displayed divided difference is a polynomial. For a nonempty J ⊆ [n], put

CJ =
∑

0≤a<b≤n
{a,b}∩J ̸=∅

Rab.

Theorem 4.3. Suppose that

CJ + λs 1V is invertible for every ∅ ̸= J ⊆ [n] and every integer s ≥ |J |. (4.2)

Then the classes of

za11 · · · z
an
n ⊗ v, 0 ≤ ai < i,

where v ranges through any basis of V , form a basis of

(P ⊗C V )
/∑

k≥1

Bk(P ⊗C V ).

Its Hilbert series is (dimV )[n]q!.

If a finite group G ⊆ Sn acts on V and satisfies

ρ(g)Rabρ(g)
−1 = Rg(a)g(b), g(0) = 0,

the quotient is isomorphic as a graded G-module to ResSn
G Cn ⊗C V , with diagonal

action.
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Proof. We first verify the operator identities used for the lower bound. The matrix-

valued logarithmic form

ω =
∑
i

(ci − λ1V )
dzi
zi

+
∑
i<j

bij
d(zi − zj)

zi − zj

is closed and flat. Indeed, (4.1) are the rank-two residue relations for the hyperplanes

zi = 0 and zi = zj , and subtracting the central matrices λ1V does not change them.

The rank-two curvature calculation in Section 5.2 proves flatness directly. For the

free Lie module with basis Xk =
∑

i z
k+1
i ∂i, 1 ≤ k ≤ n, set

BX = λX + λdivX + ω(X).

Then BXk
= Bk, and

BaX = BXMa, [BX ,BY ] = λB[X,Y ]. (4.3)

In particular, the characteristic-polynomial recurrence reduces all Bk to the joint

images of B1, . . . , Bn, and the same two-map syzygy construction as in the main

proof applies.

For an unconditional lower bound, introduce a scalar u and replace the parameters

by

λ(u) = uλ, ci(u) = (1− u)1V + uci, bij(u) = ubij .

All commutators in (4.1) are multiplied by u2, so the relations persist. At u = 0, the

first two maps are the power-sum Koszul maps tensored with V . The polynomial

two-map rank lemma gives the classical lower bound in every degree at every u, hence

at the desired u = 1. For a symmetry group G, this entire path is equivariant, so the

lower bound also holds for each irreducible multiplicity.

For the upper bound, write π = z1 · · · zn. In addition to the scalar characteristic

identity, we have
n∑

k=1

(−1)k−1en−k hk(zi, zj) = π.

To see this, the characteristic identity gives
∑

k(−1)k−1en−kz
k+1
i = πzi; subtract its

version for j and divide by zi − zj . Consequently,

n∑
k=1

(−1)k−1BkMen−k
= Mπ

(
C[n] + λ(E + n)1V

)
.

In polynomial degree d, the last factor is invertible by (4.2), so π(P ⊗ V ) lies in the

hit subspace.
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Use the same coordinate-ideal flag on (P/πP )⊗ V as in the main proof. On the

layer whose largest zero coordinate is i, remove zi, divide out zi+1 · · · zn, and shift

degree by n− i. The new residues are

c′j = cj + bij + λ1j>i 1V , b′jk = bjk (j, k ̸= i). (4.4)

Here hk(0, zj) = zkj gives the fusion term bij ; the derivative of the divided-out

monomial gives the scalar λ-shift.

The relations survive this fusion. Ignoring the central shifts, replace the vertex 0

by the block {0, i}; R′
0j = R0j +Rij . For example, the new triangle relation expands

as

[R0j +Rij , R0k +Rik +Rjk] = [R0j , R0k +Rjk] + [Rij , Rik +Rjk]

+ [R0j , Rik] + [Rij , R0k] = 0.

The first two terms are old triangle relations and the last two are disjoint-edge

relations. All other new triangle and disjoint-edge relations follow in the same way,

or are unchanged. Adding the central shifts in (4.4) preserves them.

For every nonempty remaining subset J , its new matrix C ′
J is

C ′
J = CJ + λ |J ∩ {i+ 1, . . . , n}| 1V .

Thus (4.2) is inherited by every layer. Induction on the number of variables, using

right exactness of the joint-image quotient, gives the coefficientwise bound

HilbQ ≤ (dimV )

n∑
i=1

qn−i[n− 1]q! = (dimV )[n]q!.

The same induction gives precisely the Artin monomial lifts. The lower bound proves

equality and their independence. Equality of total dimensions together with the

irreducible lower bounds proves the equivariant assertion. □

There is also a tail version. If only k ≥ m are used, replace (4.2) by invertibility of

CJ + λs 1V for s ≥ m|J |. Then the quotient has the basis (2.2) tensored with V , and

HilbQ = (dimV )
m+n−1∏
j=m

[j]q.

For a symmetry group G, the comparison is P/(pm, . . . , pm+n−1)⊗ V as a graded G-

module. Indeed, fusion and the coordinate flag are unchanged. The interior recursion

uses

BℓMπ =
n∑

k=1

(−1)k−1Bℓ+kMen−k
, Bc,b

ℓ Mπ = MπB
c+λ1,b
ℓ ,
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which follow from (4.3) and the characteristic relation of the vector fields. These are

exactly the two identities used in the tail induction of Theorem 2.2. The lower-bound

path now starts at the regular sequence pm, . . . , pm+n−1.

4.1.1. Young-content parameters for symmetric-group residues. Put N =

n + 1, label the letters of SN by 0, 1, . . . , n, and let Vτ be its irreducible complex

representation indexed by a partition τ ⊢ N . For a partition ν, write

ct(ν) =
∑

(a,b)∈ν

(b− a).

For c, κ, λ ∈ C, take

ci = c id + κ(1− (0 i)), bij = κ(1− (i j)) on Vτ .

These residues satisfy the required infinitesimal braid relations. Consequently the

preceding theorem has the following scalar form; if

rc+ κ

{(
N

2

)
−
(
N − r

2

)
− ct(τ) + ct(µ)

}
+ λs ̸= 0 (4.5)

for every 1 ≤ r ≤ n, every partition µ ⊆ τ of size N − r, and every integer s ≥ r,

then the classes of

{za11 · · · z
an
n : 0 ≤ ai < i} ⊗ Vτ

form a basis of the joint-image quotient, and that quotient is isomorphic, as a graded

Sn-module, to

Cn ⊗ ResSN
Sn

Vτ .

Here Sn fixes the letter 0 and acts diagonally on the tensor product. For the tail

with k ≥ m, the same statement uses s ≥ mr in (4.5), the basis An,m ⊗ Vτ , and the

comparison module Pn/(pm, . . . , pm+n−1)⊗ ResSN
Sn

Vτ .

Indeed, let J ⊆ {1, . . . , n} have size r, and let ΩA =
∑

{a,b}⊆A(a b) for a set of

letters A. Writing K = {0, . . . , n} \ J , the relevant matrix is

CJ = rc id + κ

[((
N

2

)
−
(
N − r

2

))
id− Ω{0,...,n} +ΩK

]
.

The sum of transpositions acts on a Specht representation by its content sum; iterated

branching to SK has precisely the constituents Vµ with µ ⊆ τ , |µ| = N − r. The

displayed scalars are therefore exactly the eigenvalues of CJ + λs id. This proves the

assertion from the matrix theorem.

For the standard representation V(N−1,1), the expression inside braces has eigen-

value N with multiplicity r, and eigenvalue r with multiplicity N − r−1; a value with
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zero multiplicity is omitted. To see this directly, on the permutation representation∑
{a,b}∩J ̸=∅(1− (a b)) is the graph Laplacian of the complete graph with the edges

inside K removed. Its constant eigenspace has eigenvalue zero. On the sum-zero

subspace, vectors supported on K with coordinate sum zero have eigenvalue r, while

their complementary r-dimensional subspace has eigenvalue N .

4.2. Cyclotomic residues

For the cyclotomic hyperplanes, coordinate deletion again fuses the incident residues,

but intermediate powers require a refinement of the coordinate flag. This combines the

two preceding constructions and includes the extra invariant of every group G(h, p, n).

Let h ≥ 1, let p | h, and put a = h/p. Let V be a finite-dimensional complex vector

space. Choose matrices ci and bij,ζ , where i < j and ζh = 1, such that the rational

matrix-valued one-form

ω =
∑
i

(ci − λ1V ) d log zi +
∑
i<j

∑
ζh=1

bij,ζ d log(zi − ζzj)

is flat. Equivalently, one may impose the rank-two residue relations (5.8) for this

arrangement. The subtraction of central λ1V from the coordinate residues does not

affect flatness. For k ≥ 1, define

Bhk =
∑
i

(ci + λEi)Mzhki

+
∑
i<j

∑
ζh=1

bij,ζM(zhk+1
i −ζzhk+1

j )/(zi−ζzj)
.

(4.6)

All the divided differences are polynomials. For a nonempty J ⊆ [n], set

CJ =
∑
i∈J

ci +
∑
i<j

{i,j}∩J ̸=∅

∑
ζh=1

bij,ζ , JB = (C[n] + λE)Mπa , π =
∏
i

zi.
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Theorem 4.4. Assume that the matrices

CJ + λs 1V

are invertible for every nonempty proper J ⊊ [n] and every integer s ≥ h|J |, and that

C[n] + λs 1V is invertible for every integer s ≥ an. Then the joint-image quotient of

P ⊗ V by all operators in (4.6) and by JB has Hilbert series

(dimV )[an]q

n−1∏
j=1

[hj]q.

A basis is the monomial basis in Theorem 4.1 tensored with any basis of V . If

G(h, p, n) acts on V and the residues transform covariantly with their hyperplanes,

the quotient is CG(h,p,n) ⊗ V as a graded representation, with the diagonal action.

Proof. For a logarithmic vector field X, put

BX = λX + λdivX + ω(X).

Closedness and flatness of ω give right balance and [BX ,BY ] = λB[X,Y ]. On the free

Lie module with basis Xh, . . . , X(n−1)h, Y = πaE, from the proof of Theorem 4.1,

these are precisely the operators Bhk and JB. The characteristic identity reduces the

remaining Bhk on the right. The path

λ(u) = uλ, ci(u) = (1− u)1V + uci, bij,ζ(u) = ubij,ζ

preserves flatness, as its logarithmic form is uω+(1−u)
∑

i d log zi 1V . At zero the first

two maps are the Koszul maps for the regular sequence ph, . . . , p(n−1)h, nπ
a, tensored

with V . The rank lemma proves the required lower bound, including irreducible

multiplicities in the equivariant case.

We first establish the upper bound for just the operators Bhk in m variables,

assuming invertibility of every CJ + λs1V with s ≥ h|J |. The characteristic identity

in the variables zhi gives

m∑
k=1

(−1)k−1BhkMem−k(zh)
= Mπh

(
C[m] + λ(E + hm)1V

)
.

For the divided differences, this follows by subtracting the two identities with nu-

merators zhk+1
i and ζzhk+1

j ; the right side is πh(zi − ζzj) before division. Thus every

multiple of πh is hit.

The divided differences contain intermediate powers of the coordinate being

deleted. To isolate their constant term in that coordinate, filter P/πhP by
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(zi+1 · · · zm)h(P/πhP ), and refine each successive layer by the powers zbi , 0 ≤ b < h,

in decreasing order. In the associated layer, terms that raise the exponent of zi

disappear. The remaining divided difference is zhkj , regardless of ζ. Hence deletion

fuses

c′j = cj +
∑
ζh=1

bij,ζ + λh1j>i 1V , (4.7)

with the natural interpretation if j < i, and retains the other braid residues. Flatness

is preserved. Indeed, the coefficients of dzj ∧ dzk, for j, k ≠ i, in ω ∧ ω are regular at

a generic point of zi = 0. Their restrictions are exactly the curvature coefficients of

the fused form; they vanish. This proves the rational identity on the whole smaller

arrangement. The scalar shifts do not change it. Closedness is automatic. For every

remaining subset J , fusion changes its CJ only by λh|J ∩ {i+ 1, . . . ,m}|1V , so all

nonresonance conditions are inherited.

Induction and right exactness give

HilbQ ≤ (dimV )[h]q

m∑
i=1

qh(m−i)
m−1∏
j=1

[hj]q = (dimV )

m∏
j=1

[hj]q.

The same induction provides the monomials 0 ≤ bj < hj as a spanning set. This

proves the needed upper bound for the smaller layers.

For the theorem itself, the full-subset hypothesis makes the image of JB exactly

πa(P ⊗ V ). Apply the thick coordinate filtration with exponent a, refining the i-th

layer by zbi , 0 ≤ b < a, as above. Since a ≤ h, the i-th coordinate-derivative term

vanishes in every such layer. Fusion is unchanged, while the central shift in (4.7) is

now λa instead of λh. Each remaining layer meets the just-proved hypotheses by the

proper-subset assumptions of the theorem. Therefore

HilbQ ≤ (dimV )[a]q

n∑
i=1

qa(n−i)
n−1∏
j=1

[hj]q = (dimV )[an]q

n−1∏
j=1

[hj]q.

The lifted spanning monomials are exactly those stated in Theorem 4.1. The lower

bounds make them independent and prove the representation statement. □

5. Filtered logarithmic operators

When a flat differential perturbation has lower degree than the multiplication part, a

regular sequence gives normal forms at every parameter. The same argument works

with scalar, matrix, or noncommutative coefficients.
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Let K be a field, let P = K[x1, . . . , xN ] have positive integer weights, and let

L ⊆ DerK(P ) be free over P , graded, and closed under Lie brackets. Choose a

homogeneous basis X1, . . . , Xr, with degXi = ai. A P -linear map ω : L → P is

closed if

ω([X,Y ]) = X(ω(Y ))− Y (ω(X)).

Suppose ω is homogeneous of degree h > 0 and fi = ω(Xi) form a regular sequence

of positive degrees ki = ai + h. Write I = (f1, . . . , fr), and fix a graded vector-

space complement V0 to I in P . The principal example will be ω(X) = X(η) for a

homogeneous potential η.

Theorem 5.1 (Filtered normal forms). Let A be a unital associative K-algebra, let

t ∈ A be central, and let a : L→ P ⊗A be P -linear and homogeneous of degree zero.

Assume

t
(
X(a(Y ))− Y (a(X))− a([X,Y ])

)
+ [a(X), a(Y )] = 0. (5.1)

For left multiplication by a(X), define

BX(g) = t div(gX) + ω(X)g + a(X)g.

Then inclusion induces a filtered isomorphism of right A -modules

V0 ⊗A
∼−−→ (P ⊗A )

/∑
i

BXi(P ⊗A ). (5.2)

The hit subspace is independent of the basis of L, its associated graded space is I ⊗A ,

and the finite Lie–Rinehart complex is exact in positive degrees. For every left A -

module U , the same assertions hold with coefficient space U ; in particular the quotient

is V0 ⊗ U . All identifications are equivariant for compatible finite-group actions when

V0 is chosen stable.

Proof. Closedness, the divergence identity, and (5.1) give

BbX = BXMb, [BX , BY ] = tB[X,Y ] (b ∈ P ). (5.3)

Thus −BX defines a right action for the bracket and anchor of L scaled by t. Use the

finite exterior differential of (3.3), with first map +B. Give an exterior basis vector

Xi1 ∧ · · · ∧Xip filtration shift ki1 + · · ·+ kip , and give the coefficient algebra degree

zero. The leading complex is the Koszul complex of f1, . . . , fr, tensored over K with

A . Indeed, the other action terms lower shifted degree by h, and so do the bracket

terms, since deg cℓij = ai + aj − aℓ in [Xi, Xj ] =
∑

ℓ c
ℓ
ijXℓ.

The remaining issue is cancellation between leading multipliers; such a cancella-

tion might otherwise create a new leading term outside I. Regularity makes each
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cancellation a Koszul boundary, and the flat differential lifts that boundary without

changing the image. Here is the degree reduction explicitly. For 0 ̸= u = d1v, suppose

the highest shifted degree of v exceeds deg u. Its leading part is a Koszul cycle, hence

a Koszul boundary. Subtracting the corresponding lifted boundary d2w leaves d1v

unchanged and lowers that degree. Iteration terminates, so the leading part of u lies

in I ⊗A . Conversely, every homogeneous element of this space is the leading part of

an image. Therefore

gr
∑
i

BXi(P ⊗A ) = I ⊗A .

The decomposition P = I ⊕ V0 now gives, by degree reduction,

P ⊗A =
∑
i

BXi(P ⊗A ) ⊕ (V0 ⊗A ).

This proves (5.2), including its filtration assertion. For a positive-degree cycle, its

leading part is again a Koszul boundary; subtracting a lift and descending in degree

proves exactness.

Every step remains valid with coefficients in an arbitrary U ; the scalar Koszul

complex is exact after tensoring with any K-vector space. The balanced identity

in (5.3) gives basis independence. For a stable complement, inclusion makes the

identifications equivariant. □

The proof requires only strict degree decrease of the lower terms. It therefore

applies unchanged when these terms have several different degrees, provided the

identities (5.3) still hold.
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Corollary 5.2 (Scalar parameters). Let η ∈ Ph, h > 0, and suppose fi = Xiη form

a regular sequence of positive degrees. Let χ1, . . . , χs : L→ P be closed P -linear maps

of degree zero. For every choice of parameters,

Bt,b(X)(g) = t div(gX) +

(
Xη +

s∑
ν=1

bνχν(X)

)
g

has a joint-image quotient with basis space V0, filtered associated graded space P/I,

and an exact finite exterior complex in positive degrees. Over R = K[t, b1, . . . , bs], the

quotient is freely V0 ⊗R, and this identification survives every specialization. Giving

the parameters degree h makes it graded. If a finite group preserves L, η, and the

cocycles, a stable V0 gives the same conclusions equivariantly.

Proof. Take A = R, ω(X) = Xη, and a(X) =
∑

bνχν(X) in the theorem. □

For matrix coefficients, retain L, η, fi, I, V0 from the preceding corollary. Let R be

any commutative K-algebra, V a finite free R-module, and M = P ⊗ V . Suppose

t ∈ R and the degree-zero PR-linear map A : LR → EndPR
(M) satisfies

t
(
X(A(Y ))− Y (A(X))−A([X,Y ])

)
+ [A(X), A(Y )] = 0. (5.4)

For BX = t(X + divX) +Xη +A(X), inclusion gives

V0 ⊗ V
∼−−→ M/

∑
i

BXi(M). (5.5)

Apply Theorem 5.1 to A = EndR(V ) and its left module V . The isomorphism

is filtered with associated graded (P/I) ⊗ V , and the finite exterior complex is

exact in positive degrees. All assertions commute with arbitrary base change and

are equivariant when the data and the complement are preserved. In particular, a

homogeneous flat connection ∇X = X + C(X) gives A(X) = tC(X). Its flatness

equation dLC + C ∧ C = 0 implies (5.4); separate closedness of C is unnecessary.

A stable graded complement exists by averaging when the group order is invertible

in K.

Flatness cannot be omitted. On K[x, y], the operators B1 = Mx+∂y and B2 = My

have regular leading multipliers x, y, but [B1, B2] = 1. Thus f = B1(B2f)−B2(B1f)

is hit for every f , and the quotient is zero.

5.1. Free arrangements and scalar residues

For the geometric applications, take K = C. Let A be a central arrangement in CN ,

choose a linear equation ℓH for every H ∈ A, and let

D(A) = {X ∈ DerC(P ) : X(ℓH) ∈ ℓHP for all H}.
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Assume that A is free, so this module has a homogeneous basis X1, . . . , XN . It is

closed under brackets. If its usual arrangement exponents are e1, . . . , eN , then the

anchor degrees used above are ai = ei − 1.

Call a homogeneous polynomial η admissible if its restriction to each intersection

flat of A has no critical point outside the origin. For every degree h ≥ 2, admissible

polynomials form a nonempty Zariski open subset of Ph; restriction to a fixed flat is

surjective, a general degree-h form on that flat has a smooth projective zero locus,

and there are only finitely many flats.

The regular-sequence consequence can be proved directly. At a point x, let X

be the intersection of the hyperplanes containing x. The values at x of logarithmic

derivations span exactly X. Containment follows from tangency. For the reverse

inclusion, if v ∈ X, then the constant vector field in direction v, multiplied by∏
H:x/∈H ℓH , is logarithmic and takes a nonzero scalar multiple of v at x. Thus

the common zero locus of all Xi(η) is the origin when η is admissible. These N

polynomials therefore form a regular sequence.

The maps

χH(X) =
X(ℓH)

ℓH

are polynomial, P -linear, homogeneous Lie cocycles of degree zero. Corollary 5.2

consequently applies to

Bt,b(X)(g) = t div(gX) +

(
X(η) +

∑
H∈A

bH
X(ℓH)

ℓH

)
g (5.6)

with every t and every collection (bH). Its associated graded quotient is the Solomon–

Terao complete intersection P/(X1η, . . . ,XNη); this terminology follows [7]. In

particular, for ordinary polynomial degree,

Hilb(gr(P/Ht,b); q) =

N∏
i=1

[ei + h− 1]q, dimC P/Ht,b =

N∏
i=1

(ei + h− 1). (5.7)

There are no parameter exclusions.

The same conclusion holds for any free multiarrangement with positive integer

multiplicities mH , replacing D(A) by {X : X(ℓH) ∈ ℓmH
H P}. This module is closed

under brackets; if X(ℓ) = ℓma and Y (ℓ) = ℓmb, the terms of order 2m − 1 cancel

in [X,Y ](ℓ). The evaluation argument uses
∏

H:x/∈H ℓmH
H instead, and is otherwise

unchanged.

Reflection groups. For every finite complex reflection group, its reflection ar-

rangement is free by Terao’s theorem [8, Theorem 2]. Hence (5.6)–(5.7) provide a
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family for every such group. If η is group-invariant and the weights bH are constant

on hyperplane orbits, every assertion is equivariant. Such an invariant admissible

potential always exists in sufficiently large degree. For example, the invariant forms

of degree 2|G| have no projective base point; for a nonzero x, choose a linear form

nonzero on its finite G-orbit and square the product of all its G-translates. The

resulting invariant form does not vanish at x. Restricting this base-point-free linear

system to each projective flat and applying Bertini’s theorem gives a general invariant

admissible potential. Zero-dimensional projective flats are handled by choosing a

form nonzero at the corresponding point.

For a general complex reflection group the comparison algebra here is the dis-

played Solomon–Terao complete intersection, with degrees ei + h− 1. The following

specialization gives ordinary coinvariants for every finite real reflection group.

Corollary 5.3. Let G be a finite real reflection group acting on the complexifica-

tion of its real reflection representation. Choose orthonormal coordinates and basic

homogeneous invariants p1, . . . , pN , with deg pi = di, and put

Xi =
1

di
∇pi, η =

1

2

∑
j

x2j .

For every t ∈ C and arbitrary logarithmic weights bH , the joint-image quotient of the

operators

g 7−→ pig + t div(gXi) +

(∑
H

bH
Xi(ℓH)

ℓH

)
g

has associated graded vector space equal to the ordinary coinvariant algebra CG =

P/(p1, . . . , pN ). Every fixed graded complement representing CG is a basis space for

the quotient at all these parameters. If the weights are constant on hyperplane orbits,

this is an isomorphism of filtered G-modules. The universal quotient is free over the

polynomial ring in all the displayed parameters.

Proof. The gradient fields are logarithmic because reflection invariance of pi makes

its derivative normal to a reflecting hyperplane vanish on that hyperplane. Their

coefficient determinant is a nonzero constant times
∏

H ℓH , by the basic-invariant

Jacobian formula for real reflection groups. They therefore form a basis of D(A);
in Cramer’s rule for any logarithmic field, each numerator determinant vanishes on

every H, so is divisible by the same squarefree product. Finally, Xi(η) = pi by Euler’s

identity. Corollary 5.2 applies to the regular sequence of basic invariants. □
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5.2. Matrix and universal residues

For a free central arrangement A, choose matrices RH ∈ EndR(V ), one for each

hyperplane. Suppose that for every codimension-two intersection flat Z,RH ,
∑
H′⊇Z

RH′

 = 0 (H ⊇ Z). (5.8)

Then

A(X) =
∑
H∈A

RH
X(ℓH)

ℓH

is polynomial on L = D(A), separately closed, and satisfies [A(X), A(Y )] = 0.

Consequently (5.4) holds for every t, independently of the matrices’ eigenvalues or

Jordan forms. The quotient in (5.5) is therefore a simultaneous free family over the

coordinate ring defined by the matrix relations (5.8), together with the independent

parameter t.

Here is an elementary verification of the curvature assertion. The rational matrix-

valued one-form ω =
∑

H RH d log ℓH is closed. Group the terms in ω ∧ ω according

to the codimension-two flat Z = H ∩ H ′. The group for Z is the square of the

logarithmic form for the hyperplanes containing Z, regarded on the two-dimensional

quotient by Z. If E is its radial Euler field, contraction of that square is∑
H⊇Z

RH ,
∑
H⊇Z

RH d log ℓH

 = 0

by (5.8). A rational two-form on a two-dimensional vector space with zero contraction

by its nonzero radial field is zero. Every group of terms therefore vanishes. Restriction

to logarithmic vector fields proves the assertion about A.

For a finite real reflection group G and a representation ρ : G → GL(V ), a

particularly natural choice is

RH = kH
(
1− ρ(sH)

)
,

where sH is reflection in H and kH is constant on G-orbits of hyperplanes. These

matrices satisfy (5.8); in the rank-two parabolic subgroup fixing Z, the sum of the

weighted reflections is central, since its coefficients are constant on conjugacy classes.

With the quadratic potential and gradient basis of Corollary 5.3, the associated

graded quotient is

CG ⊗C V
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with the diagonal G-action, for every value of t and the orbit parameters kH . More

generally, arbitrary residues satisfying (5.8) give the same vector-space conclusion for

every free arrangement, without a semisimplicity assumption.

The residue construction also works for every finite complex reflection group. Let

R(G) be its set of reflections, choose parameters ks constant on G-conjugacy classes,

and set

RH =
∑

s∈R(G)
Fix(s)=H

ks
(
1− ρ(s)

)
.

For a codimension-two flat Z, the sum of the RH with H ⊇ Z is a scalar minus a

conjugation-invariant weighted sum of reflections in the pointwise stabilizer GZ . It

is therefore central in the image of R[GZ ], while each of these RH belongs to that

image. Thus (5.8) holds. Using a G-invariant admissible potential as in Section 5.1

gives the equivariant associated graded quotient

ST(A, η)⊗C V

for all parameters. For real reflection groups the quadratic potential specializes this

statement to the ordinary coinvariant algebra.

The universal residue algebra. For a free central arrangement, an explicit uni-

versal algebra is

AA =
C[t]⟨rH : H ∈ A⟩([

rH ,
∑

H′⊇Z rH′

]
: codimZ = 2, H ⊇ Z

) ,
where the coefficient t is central. Define

a(X) =
∑
H

rH
X(ℓH)

ℓH
.

The rank-two curvature calculation above is valid with values in any associative

algebra. It proves dLa = 0 and [a(X), a(Y )] = 0, hence (5.1). For every admissible

potential, the resulting quotient is therefore free over AA, with any homogeneous

Solomon–Terao basis as a right-module basis. Every representation of AA, including

nonsemisimple and infinite-dimensional ones, inherits the same normal forms and

positive-degree acyclicity. For a real reflection arrangement with the quadratic

potential, the universal right-module basis can be any homogeneous basis representing

CG. The construction is equivariant under arrangement symmetries acting on the

algebra by permuting the generators rH .
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5.3. Connections in the potential parameters

The uniform normal forms also carry an explicit flat connection. This construction

gives a parameter family of finite-dimensional connections for every free arrangement,

with no additional nonresonance conditions on its residues.

Retain P,L, η and the regular sequenceXiη from Corollary 5.2, and write h = deg η.

Let A be a unital associative complex algebra. Fix a homogeneous flat L-connection

∇X = X + C(X) on P ⊗A ,

where C(X) ∈ P ⊗A acts on the left, is P -linear in X, and has the anchor degree of

X. Flatness means

X(C(Y ))− Y (C(X))− C([X,Y ]) + [C(X), C(Y )] = 0.

Choose homogeneous polynomials ϕ1, . . . , ϕs of degrees strictly smaller than h, allow-

ing constants, and introduce central parameters t, u1, . . . , us. Put

ηu = η +
s∑

ν=1

uνϕν , BX = t
(
∇X + divX

)
+X(ηu).

Differentiating in uν changes BX by X(ϕν). Commuting multiplication by t−1ϕν

past its differential part tX produces the opposite term. This determines the connec-

tion in the uν direction. In the t direction, preservation of the joint image allows the

commutator to be t−1BX , which leads to the second operator below.
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Theorem 5.4. Let V0 ⊆ P be a fixed graded complement to (X1η, . . . , Xrη). The

quotient by the joint images of BXi is naturally a free right A [t,u]-module with basis

any complex basis of V0. Its finite exterior complex is exact in positive homological

degrees, over the parameter algebra and after every coefficient-module specialization.

After inverting t, the operators

Dν = ∂uν + t−1Mϕν , Dt = ∂t − t−2Mηu (5.9)

descend to the quotient. They are mutually commuting connections in the displayed

parameter directions. In the fixed normal-form basis, their matrices have coefficients

in A [t, t−1,u]. At t = 0, the uν-connection matrices have poles of order at most one,

and the t-connection matrix has a pole of order at most two. There are no poles at

other finite parameter values.

Proof. The leading polynomial-degree part of BXi is still multiplication by Xiη. The

extra terms uνXiϕν have strictly smaller degree, as do the connection and divergence

terms. The operators remain right balanced, and their commutators equal tB[X,Y ],

because dL(X 7→ Xηu) = 0 and the potential is scalar. The degree-reduction proof of

Theorem 5.1 and its degree-decreasing variant therefore give the free basis and higher

exactness.

On the full polynomial module, direct calculation gives

[Dν , BX ] = X(ϕν)−X(ϕν) = 0, [Dt, BX ] = t−1BX .

For the second identity, writing LX = ∇X+divX, the derivative term is LX , while the

multiplication commutator contributes t−1X(ηu). Thus every connection preserves

the sum of the images. Moreover,

[Dµ,Dν ] = 0, [Dν ,Dt] = −t−2Mϕν + t−2Mϕν = 0.

This proves flatness on the quotient.

The normal-form projection is right A [t,u]-linear and uses no parameter inverses.

Hence the normal forms of ϕνv and ηuv, for basis elements v ∈ V0, have polynomial

coefficients in the parameters. Equation (5.9) gives exactly the asserted pole orders.

The algebraic exactness persists under every coefficient-module specialization. The

connection identities persist under every parameter-independent representation of A ;

more generally, one may use coefficient modules equipped with compatible parameter

connections. A parameter derivative is not asserted to descend to a quotient that

fixes that same parameter. □

For the universal residue algebra AA, use C(X) =
∑

H rHX(ℓH)/ℓH , regarding

the residue generators as independent of the new central parameter t. The rank-two
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relations make this a flat connection. The theorem then supplies one universal flat

parameter connection whose every representation has the corresponding Solomon–

Terao normal forms. For a real reflection group with quadratic potential, the rank of

its finite coefficient specialization is |G| dimV , and the underlying associated graded

module is CG ⊗ V .

5.4. Constant matrix curvature

For constant matrix perturbations, flatness can be imposed on a quotient of the

coefficient module. The following elementary observation identifies that quotient.

Let A be a commutative C-algebra, let V be an A-module, and put P =

C[x1, . . . , xN ]. All endomorphisms called constant below are independent of the

xi, but may depend on parameters in A.

Lemma 5.5 (Curvature reduction). Suppose

Bi = tXi + fi +Ai (1 ≤ i ≤ s)

act on P ⊗C V , where the Xi are scalar polynomial derivations, fi ∈ P , t ∈ A, and

Ai ∈ EndA(V ). Assume that

[Bi, Bj ] =
∑
k

akijBk + Cij ,

with scalar coefficients akij ∈ A and constant endomorphisms Cij. Let R ⊆ V be the

smallest submodule stable under all Ai and containing all CijV . If H =
∑

iBi(P ⊗V ),

then P ⊗R ⊆ H. Consequently the quotient by H is the joint-image quotient of the

induced operators on P ⊗ (V/R).

Proof. The commutator identity puts P ⊗ CijV in H. If P ⊗ U ⊆ H, then

g ⊗Aiu = Bi(g ⊗ u)− (tXig + fig)⊗ u ∈ H (g ∈ P, u ∈ U).

Iteration gives P ⊗ R ⊆ H. Stability under the Ai makes all operators descend,

proving the quotient assertion. □
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Theorem 5.6. Give P a positive integral grading. Let a finite-dimensional graded

Lie algebra act on P , with homogeneous derivation basis X1, . . . , Xs and constant

structure coefficients

[Xi, Xj ] =
∑
k

ckijXk, degXi = ai.

Suppose h > 0 and homogeneous polynomials fi, of degrees di = ai + h > 0, form a

regular sequence and satisfy

Xi(fj)−Xj(fi) =
∑
k

ckijfk.

For arbitrary constant Ai ∈ EndA(V ), set

Bi = tXi + fi +Ai, Cij = [Ai, Aj ]− t
∑
k

ckijAk,

R =
∑
w,i,j

AwCijV, W = V/R,

where w ranges over all words in 1, . . . , s, including the empty word. For any homoge-

neous vector-space complement E to (f1, . . . , fs), the quotient map induces a filtered

isomorphism

E ⊗C W
∼−−→ P ⊗C V∑

iBi(P ⊗C V )
.

The Chevalley–Eilenberg complex of the induced operators on P ⊗W , with bracket

multiplied by t, is exact in positive homological degrees.

Proof. The cocycle identity gives [Bi, Bj ] = t
∑

k c
k
ijBk + Cij , so Lemma 5.5 reduces

the quotient to W . The induced operators satisfy the required Lie relations. Give a

basis wedge Xi1 ∧· · ·∧Xip filtration shift di1 + · · ·+dip . Multiplication by fi preserves

total filtration degree; tXi lowers it by h, Ai by di, and a nonzero bracket term by

di + dj − dk = h. The associated graded differential is the Koszul differential of the

regular sequence (fi), tensored over C with W . The degree-reduction argument in

Theorem 5.1 now gives positive-degree exactness and the normal-form decomposition

with complement E ⊗W . □
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Corollary 5.7. Let η ∈ P have ordinary polynomial degree h ≥ 2, and suppose the

partial derivatives of its highest homogeneous part ηh form a regular sequence. For

constant endomorphisms A1, . . . , AN , set

Bi = t∂i + ∂iη +Ai, R =
∑
w,i,j

Aw[Ai, Aj ]V, W = V/R.

If E is a homogeneous complement to the Jacobian ideal of ηh, the joint-image quotient

is E ⊗C W , and the induced commuting Koszul complex is exact in positive degrees.

In particular, when V is finite dimensional over C, its dimension is (h− 1)N dimCW .

Proof. Since [Bi, Bj ] = [Ai, Aj ], curvature reduction makes the operators commute on

W . The Koszul filtration by polynomial degree plus p(h− 1) has leading differential

given by the regular sequence (∂iηh). The degree-reduction argument applies; the

complete intersection has length (h− 1)N . □

The module W is the largest quotient on which the induced constant operators

satisfy the required Lie relations. Its formation commutes with base change because

it is the cokernel of the map with columns AwCij . In finite dimension it is found by

repeatedly adjoining the Ai-images of the initial curvature images. For fixed complex

matrices in the gradient case, W is independent of t, and the quotient over C[t] is
free on E ⊗W .

There is also a universal form. Take V = C[t]⟨a1, . . . , as⟩, with Ai acting by left

multiplication by ai. Then

W = Ut(g) =
C[t]⟨a1, . . . , as⟩(

aiaj − ajai − t
∑

k c
k
ijak

)
i,j

,

and Theorem 5.6 identifies the quotient with the free right Ut(g)-module E ⊗ Ut(g).

6. Jacobian operators and resonant fibers

The preceding normal forms have no exceptional parameters because their differential

terms lower degree. Jacobian operators instead have terms of equal degree, so

resonance can occur. A single Euler identity isolates the possible resonant degree in

both scalar and vector-valued families; the remaining task is to measure the defect

there.

Let P = C[x1, . . . , xN ], with positive integer weights wi, and put W =
∑

iwi and

Ew =
∑

iwixi∂i. Let M be a graded P -module and choose Ai ∈M−wi . Set

F =
∑
i

wixiAi, J =
∑
i

AiP, ZA =

{∑
i

gi∂i :
∑
i

Aigi = 0

}
.
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For t ∈ C, define

Bt,i(g) = Aig + tF ∂ig, Ht =
∑
i

Bt,i(P ).

Lemma 6.1 (Euler reduction). One has Ht ⊆J , with equality unless t = −1/(W +

d) for some d with Pd ̸= 0. At that parameter, multiplication by F identifies J /Ht

with

(P/ divZA)d,

placed entirely in target degree d.

Proof. Since F ∈J , the inclusion is immediate, and J = Ht + FP . The identity∑
i

wiBt,i(xig) = F[1 + t(Ew +W )]g

kills FPd in the quotient unless 1 + t(W + d) = 0. This proves equality away from

the stated parameters and concentration in degree d at resonance.

Suppose Fu =
∑

iBt,i(gi), with u ∈ Pd, gi ∈ Pd+wi
, and t = −1/(W + d). Put

v = u− t
∑
i

∂igi.

Then
∑

iAigi = Fv. Subtract the Euler expression Fv =
∑

iAi(wixiv); the differences

ri = gi−wixiv form an actual syzygy,
∑

iAiri = 0. Their divergence recovers u, since

t
∑
i

∂iri = u− [1 + t(W + d)]v = u.

Conversely,
∑

iAiri = 0 gives
∑

iBt,i(ri) = tF
∑

i ∂iri. Since t ̸= 0, the kernel is

precisely (divZA)d. □
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6.1. Hypersurfaces

Theorem 6.2. Let F ∈ P be nonzero and weighted homogeneous of positive degree

h. Put S = {d : Pd ̸= 0} and

Bt,i(g) = Fig + tF∂ig, Fi = ∂iF, Ht(F ) =
∑
i

Bt,i(P ).

If

t /∈
{
− h

W + d
: d ∈ S

}
,

then Ht(F ) = (F1, . . . , FN ). An isolated critical point is not required for this equality.

Proof. Apply Lemma 6.1 with M = Pe, deg e = −h, Ai = h−1Fie, and parameter

t/h. Euler’s identity gives F = Fe, and the normalized operators are h−1Bt,ie. □

If F has an isolated critical point at the origin, its partial derivatives form a regular

sequence, and throughout this range

Hilb(P/Ht(F ); q) =
∏
i

1− qh−wi

1− qwi
.

For ordinary homogeneity of degree h ≥ 2, this becomes

Hilb(P/Ht(F ); q) = (1 + q + · · ·+ qh−2)N , dim(P/Ht(F )) = (h− 1)N .

The equality of subspaces is automatically equivariant for every finite linear group

preserving F .

Under the isolated-critical-point hypothesis, the free Lie module L = F Der(P ) and

cocycle dF/F also place this family in Theorem 3.1, since ω(F∂i) = div(F∂i) = Fi.

Euler reduction determines the individual specializations.

6.2. The exact defect at every exceptional parameter

Now assume N ≥ 2 and that F has an isolated critical point at the origin. The Euler

reduction leaves the divergence quotient of the fields tangent to F . Put

KF = P/J(F ), J(F ) = (F1, . . . , FN ),

and retain the notation above.
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Theorem 6.3. If t is not of the form −h/(W + d) with d ∈ S, then P/Ht(F ) = KF .

At t = −h/(W + d), with d ∈ S, one has

Hilb(P/Ht(F ); q) = Hilb(KF ; q) + qh+d[ud]
Hilb(KF ;u)

1− uh
. (6.1)

More precisely, the quotient J(F )/Ht(F ) is concentrated in weighted degree h + d

and is naturally isomorphic to

(VF )d, VF =
P∑

i<j

(Fj∂i − Fi∂j)(P )
.

The graded C[F ]-module VF is free, with a homogeneous basis obtained by lifting any

homogeneous vector-space basis of KF .

If a finite linear group G preserves the weights and F , all the natural maps above

are G-equivariant. In particular, the exceptional defect, as a G-module, is isomorphic

to ⊕
j≥0

(KF )d−jh, (6.2)

placed entirely in weighted degree h+ d. Terms of negative degree are zero.

Proof. The normalized Euler family above has syzygy module ΘF = {X : X(F ) = 0}.
Since the partial derivatives form a regular sequence, this module is generated by the

Koszul fields Fj∂i − Fi∂j , whose divergences vanish. Hence

divΘF =
∑
i<j

(Fj∂i − Fi∂j)(P ).

Lemma 6.1, with parameter t/h, identifies the resonant defect with (VF )d, in polyno-

mial degree h+ d after undoing the target shift.

We prove the claimed freeness directly. Give dxi weight wi, write Ω
k for polynomial

differential forms, and identify P with ΩN after multiplication by the volume form.

Under this identification, the denominator defining VF is

R = dF ∧ dΩN−2.

It is preserved by multiplication by F , because F dF ∧ dξ = dF ∧ d(Fξ). Let

Ew =
∑

iwixi∂i. For any homogeneous (N − 1)-form η of form weight L, Cartan’s

identity gives

LdF ∧ η = dF ∧ dιEwη + hF dη.
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Since N ≥ 2 and the weights are positive, L > 0. It follows that

dF ∧ ΩN−1 = R+ FΩN .

The reverse inclusion uses Euler’s identity for F . Thus VF /FVF ∼= KF , with coefficient

degrees unchanged.

Multiplication by F on VF is injective. Indeed, suppose Fω = dF ∧ dξ, with ω a

homogeneous top form of weight ℓ > 0. Then

dF ∧
(
dξ − 1

h
ιEwω

)
= 0.

Koszul exactness at ΩN−1 gives dξ − ιEwω/h = dF ∧ ζ. Differentiating, and using

dιEwω = ℓω, gives

ω =
h

ℓ
dF ∧ dζ ∈ R.

This proves injectivity. Lifts of a homogeneous basis of KF now generate VF over

C[F ] by induction on degree. A relation among them reduces modulo F to a relation

among the basis of KF ; its constant coefficients therefore vanish. Injectivity of F

permits cancellation, and iteration proves linear independence. Hence

Hilb(VF ; q) =
Hilb(KF ; q)

1− qh
,

proving (6.1).

All the maps defining the defect are natural under linear transformations preserving

the grading and F . Choose a graded G-stable complement to J(F ) in P , which

exists by averaging in each degree. Its image provides equivariant Milnor-basis lifts

in the preceding freeness proof. Since F is invariant, this gives VF ∼= KF ⊗C C[F ] as

graded G-modules, and therefore (6.2). The natural sequence 0→ J(F )/Ht(F )→
P/Ht(F )→ KF → 0 also splits degree by degree as a G-module sequence. □

For ordinary homogeneity and N ≥ 2, this gives an exact exceptional set as well

as the size and character of every defect. If h ≥ 3, the polynomial Hilb(KF ;u) =

(1 + u + · · · + uh−2)N has positive coefficients in every degree from 0 to N(h − 2),

and N(h− 2) ≥ h− 1. Thus every −h/(N + d), d ≥ 0, produces a nonzero defect. If

h = 2, then KF
∼= C, so a defect occurs exactly at

t = − 2

N + 2j
(j ≥ 0),

and has dimension one, in degree 2 + 2j.
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In one variable there is a different, elementary answer. Write F = axH , with a ≠ 0,

and give x weight w. Then

Bt(x
ℓ) = a(H + tℓ)xH+ℓ−1.

The quotient equals P/(xH−1) unless t = −H/ℓ for an integer ℓ ≥ 1. At such a

parameter it acquires exactly one additional monomial class, xH+ℓ−1, of weighted

degree w(H + ℓ− 1). This also explains why the N ≥ 2 hypothesis is needed for the

Brieskorn-module freeness formula above.

The actual weighted exceptional set can be stated without coefficient extraction.

Let a1, . . . , aµ be the degrees of a homogeneous Milnor basis, counted with multiplicity,

and put

σj =
W + aj

h
(1 ≤ j ≤ µ).

For N ≥ 2, the parameters at which the quotient differs from KF are exactly{
− 1

σj + k
: 1 ≤ j ≤ µ, k ∈ Z≥0

}
.

At t = −h/(W+d), the defect dimension is the number of pairs (j, k) with aj+kh = d,

as read from the homogeneous basis F kvj of VF .

6.3. Complete intersections

The Euler argument also applies to a vector-valued family attached to a complete

intersection. The Buchsbaum–Rim complex identifies the divergence quotient with a

Brieskorn module, whose rank is then given by Greuel’s freeness theorem.

Let P = C[x1, . . . , xN ], with positive integer weights wi, and write W =
∑

iwi.

Let F1, . . . , Fr be a weighted homogeneous regular sequence, of degrees h1, . . . , hr > 0,

where 1 ≤ r < N . Assume

V
(
F1, . . . , Fr, Ir(JF )

)
= {0}, JF = (∂iFa)1≤a≤r

1≤i≤N
,

where Ir(JF ) is the ideal of maximal minors. Thus the zero fiber is a positive-

dimensional complete intersection with an isolated singularity at the origin. Put

ΦF = P/(F1, . . . , Fr, Ir(JF )), M =

r⊕
a=1

Pea, deg(ea) = −ha,

F =
∑
a

Faea.
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In particular, F has degree zero. Define

Ai =
r∑

a=1

∂iFa

ha
ea, Bt,i(g) = Aig + tF ∂ig,

and the graded subspaces

JF =
∑
i

AiP, Ht =
∑
i

Bt,i(P ), QF = M/JF .

The map Bt,i : P →M has degree −wi. The baseline QF is a Jacobian cokernel; it

need not be finite dimensional.

Theorem 6.4. For every t ∈ C, one has Ht ⊆JF , with equality if

t /∈

{
− 1

W + d
: d ∈

∑
i

wiZ≥0

}
.

At t = −1/(W + d), the defect JF /Ht is concentrated in degree d, and its

dimension is

bd = [ud]
Hilb(ΦF ;u)∏r
a=1(1− uha)

.

Consequently,

Hilb(M/Ht; q) = Hilb(QF ; q) + bdq
d.

More precisely, there is a canonical identification of the defect with the degree-d part

of

VF = P/ divΘF , ΘF = {X ∈ DerC(P ) : X(Fa) = 0 for every a}.

The subspace divΘF is stable under multiplication by each Fa, and VF is a free

C[F1, . . . , Fr]-module on homogeneous lifts of a basis of ΦF .

If a finite group G acts linearly, preserves the weights, and fixes each Fa, then the

defect, with its entire underlying space placed in degree d, is isomorphic as a G-module

to ⊕
(k1,...,kr)∈Zr

≥0

(ΦF ) d−
∑

a haka .

The natural sequence with quotient QF splits as a graded G-module sequence.

Proof. Weighted Euler gives F =
∑

iwixiAi, and the syzygy module ZA is exactly

ΘF . Lemma 6.1 therefore gives the nonresonant equality and identifies every resonant

defect with (VF )d. Since div(FaX) = Fa divX for X ∈ ΘF , this quotient is a module

over C[F1, . . . , Fr].
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We next identify and compute this module. Set

D = dF1 ∧ · · · ∧ dFr, R = D ∧ dΩN−r−1.

We claim that multiplication by the volume form identifies VF with ΩN/R. Here and

below Ωj denotes polynomial differential forms.

To justify the syzygy assertion needed for this claim, let Z = V (Ir(JF )). The

positive grading and the finite-dimensionality of P/(F1, . . . , Fr, Ir(JF )) imply, by

induction on degree, that P/Ir(JF ) is finite over the subalgebra generated by the Fa.

Thus F |Z is finite. On each reduced irreducible component of Z, the differential of F

has rank at most r − 1; in characteristic zero its image therefore has dimension at

most r − 1. Finiteness gives dimZ ≤ r − 1, and consequently

grade Ir(JF ) ≥ N − r + 1.

The Buchsbaum–Rim exactness theorem [5, Corollary 2.6] now says that ker JF is

generated by the alternating maximal-minor vectors associated to the (r+ 1)-element

subsets of the columns. For each associated vector field δ, its contraction with the

volume form is, up to sign, D ∧ β, where β is a constant coordinate (N − r− 1)-form.

These vector fields have zero divergence, since d(D ∧ β) = 0. It follows that

(divΘF ) dx1 ∧ · · · ∧ dxN = D ∧ dΩN−r−1 = R.

In particular, this identity concerns the image of the divergence map as a vector

subspace, without taking an ideal closure.

The quotient by the base parameters is elementary. Give dxi weight wi. For a

homogeneous (N − r)-form η of form weight L, Cartan’s identity implies

LD ∧ η = D ∧ dιEwη + (−1)r+1(ιEwD) ∧ dη.

Since N − r > 0, L > 0. Every term of ιEwD is a multiple of some Fa, by weighted

homogeneity. Since D ∧ ΩN−r = Ir(JF )Ω
N , this proves

R+ (F1, . . . , Fr)Ω
N =

(
Ir(JF ) + (F1, . . . , Fr)

)
ΩN . (6.3)

Hence, with coefficient degrees unchanged, VF /(F1, . . . , Fr)VF ∼= ΦF . Homogeneous

lifts of a basis of ΦF generate VF over C[F1, . . . , Fr] by induction on weighted degree.

For independence of these lifts, we use Greuel’s freeness theorem [6, Proposition 4.8,

p. 261]. In the present smooth ambient space and positive fiber dimension it states

that the analytic Brieskorn module

ΩN
CN ,0

dF1 ∧ · · · ∧ dFr ∧ dΩN−r−1
CN ,0
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is a finite free module over C{y1, . . . , yr}, with ya acting by Fa. The assumptions hold

because the zero fiber is an isolated complete intersection singularity and the ambient

space is smooth. The same Euler homotopy proves (6.3) for convergent forms; division

of a homogeneous component by its positive form weight preserves convergence near

the origin. Its fiber is therefore ΦF ; a finite-colength polynomial quotient agrees with

its analytic version, since a sufficiently high power of the maximal ideal is already

zero. Nakayama’s lemma and analytic freeness show that the chosen homogeneous

lifts form an analytic basis.

Any polynomial relation among the same lifts in ΩN/R would be an analytic

relation among that basis. Its coefficients must vanish as germs in the independent

base variables ya, and hence as polynomials. The lifts are therefore independent over

C[F1, . . . , Fr]. This proves polynomial freeness and the Hilbert-series formula.

Finally, the coefficient-space constructions, including divergence, are equivariant

for a linear group fixing the Fa. Choose a graded G-stable complement representing

ΦF . Its lifts provide an equivariant free basis in the preceding argument, and each Fa

is G-invariant. Thus

VF ∼= ΦF ⊗C C[F1, . . . , Fr]

as graded G-modules. The natural sequence

0 −→JF /Ht −→M/Ht −→ QF −→ 0

splits degree by degree by averaging. □

If a1, . . . , aµ are the degrees of a homogeneous basis of ΦF , counted with multiplicity,

then the actual exceptional parameters are exactly{
− 1

W + aj +
∑r

a=1 haka
: 1 ≤ j ≤ µ, (k1, . . . , kr) ∈ Zr

≥0

}
.

At t = −1/(W + d), the defect dimension is the number of pairs (j, (k1, . . . , kr))

with aj +
∑

a haka = d. For r = 1, multiplying the operators by h1, replacing the

parameter by h1t, and undoing the target grading shift recovers Theorem 6.3.

The remaining codimension r = N has a simpler answer and does not require a

singularity-theoretic input.

Proposition 6.5. Let F1, . . . , FN be a weighted homogeneous regular sequence of

positive degrees, and use the same normalized operators and target grading as above.

Then Ht = JF except at the parameters

t = − 1

W + d
, Pd ̸= 0.
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At such a parameter the defect is canonically Pd, placed in target degree d. In

particular,

Hilb(M/Ht; q) = Hilb(QF ; q) + (dimC Pd)q
d.

For a finite linear group preserving the weights and every Fa, this is also the exact

G-module defect.

Proof. The regular sequence has finite-dimensional quotient, so P is finite over

C[F1, . . . , FN ]. Dimension therefore forces the Fa to be algebraically independent. In

characteristic zero their Jacobian determinant is nonzero, and consequently ΘF =

ker JF = 0. Lemma 6.1 applies without r < N and gives the asserted defect

Pd/(divΘF )d = Pd. □
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