The Hivert—Thiéry conjecture
and differential normal forms

Caius Folkerts

Abstract. We prove the Hivert—Thiéry coinvariant conjecture by showing that,
throughout its proposed parameter range, the deformed quotient is the ordinary
coinvariant algebra as a graded symmetric-group module. The Artin monomials
form a basis, with a sharp parameter range for n > 2. The proof combines deformed
Koszul relations with a coordinate filtration that applies to weighted tails over
arbitrary fields. The same Koszul mechanism gives normal forms for flat lower-order

differential perturbations of a regular sequence, allowing noncommutative coefficients.

For weighted homogeneous Jacobian systems with isolated singularities, an Euler
identity and the Brieskorn module determine both the resonant parameters and the
graded defect at each of them.
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2 Caius Folkerts

1. Introduction

In 2004, Hivert and Thiéry introduced a differential deformation of the symmetric
power sums and conjectured that its coinvariants retain the graded S,-module
structure of the ordinary coinvariant algebra [1]. We prove this throughout their
proposed parameter range and determine exactly when the classical Artin monomials
span the deformed quotient.

Let P, = Clz1,...,2y], let E; = 2,0,,, and put

n
Doi =Y #(1+aE), Ho=)» Doi(Pn).
i=1 E>1
Here and throughout, a sum of operator images is a vector-space sum. Let e; be the
elementary symmetric polynomials and define

Cn=P,/(e1,...,en), Sn:{fgzlgrgn,szr, T,SEZ}.
Theorem 1.1. For o ¢ &, there is a graded S,,-module isomorphism
P,/H, = Cp.
The classes of the Artin monomials
Ay = {20120 10 < aq; < i}
form a basis. If n > 2, these monomials span the quotient only when o & &,.

The first assertion settles the conjecture, while the basis statement and its converse
identify the exact range of the Artin normal forms for every n > 2. Dotsenko [4,
Theorem 25 and Remark 26] proved the graded-character assertion outside the
larger exceptional set obtained by dropping r < s. The proof here obtains the full
stated range and the monomial basis together. Malyshev’s positive-weight simplex
argument [3, Theorem 5 and Section 3] is a precedent for the coordinate filtration.

The difficulty is that H, is a sum of operator images, rather than an ideal. We
compare its quotient with a complete intersection by two bounds; the first two Koszul
maps deform with the operators, and their zero composition, together with exactness
at the undeformed point, gives a lower bound for the quotient. For the upper bound,
we separate monomials of full support from those on coordinate hyperplanes. The
former reduce the starting index of the operator family, and the latter reduce the
number of variables. The required coefficients are invertible precisely under the
stated nonresonance conditions. For n > 2, an explicit harmonic polynomial gives
the obstruction to the Artin span at each excluded parameter.
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This induction naturally includes unequal coefficients and every tail of the oper-
ator family. Section 2 proves that weighted theorem over an arbitrary field before
specializing to Theorem 1.1. The deformed Koszul relations also assemble into a
finite Lie-Rinehart resolution. Over the universal parameter ring, it is a minimal
linear free resolution in each polynomial degree, so specialization and parameter shifts
are controlled by finite complexes (Section 3). The same coordinate decomposition
survives for monomial reflection groups and flat matrix residues; these forms are
developed in Section 4.

A complementary use of Koszul exactness treats differential perturbations that
lower a positive grading. Lifting the full complex preserves a homogeneous normal form.
If Xq,...,X, form a free Lie module of polynomial vector fields and X17,..., X;n
is a regular sequence, every fixed homogeneous complement to their ideal remains a
complement after a flat lower-order perturbation. The result permits noncommutative
coefficient algebras and applies to free arrangements; constant matrix curvature is
handled by a quotient of the coefficient module (Section 5).

In weighted homogeneous Jacobian systems, the differential and multiplication
terms have equal degree, so exceptional parameters can occur. For isolated singu-
larities, an Euler identity isolates the possible resonant degree, and the Brieskorn
module measures its defect exactly. Section 6 carries this out for hypersurfaces and
complete intersections, including graded symmetry representations.

We write p; =, zg, lg=14q+---+¢ ' and [n],! = [T;-1[slq- Hilbert-series
inequalities are coefficientwise. Multiplication by f is denoted by My; its position in

a composition will matter.

2. Weighted power operators

The lower bound comes from a general observation about a polynomial family of
complexes. It will also be used for matrix coefficients.

Lemma 2.1. Let U, V,W be finite-dimensional vector spaces over a field K, and let
Gt):U—V, Fit):V—W

be polynomial families of linear maps in one or finitely many parameters. Suppose
F(t)G(t) = 0 identically. If im G(tg) = ker F'(to) at one parameter value to, then

rank F'(t) < rank F'(to)

at every parameter value. The same assertion applies after taking multiplicity spaces
for a finite group whose order is invertible in K, provided the maps are equivariant.
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Proof. Let rp, rg be the ranks over the rational function field of the parameter space.

A minor nonzero at ty is a nonzero polynomial, so
rp > rank F'(ty), rg > rank G(tp).

Since FG = 0, we have rp + rg < dimV. Exactness at to gives rank F'(ty) +
rank G(tp) = dim V. Thus both inequalities are equalities. Every minor of size
greater than rr vanishes identically, proving the claim at every specialization.

For such a finite group, the functor Homg(L, —), for any representation L, is
exact. Applying the preceding argument to these finite-dimensional multiplicity
spaces proves the last assertion. O

2.1. A general tail theorem

Let K be a field and put P, = K|z1,...,2,). For c = (¢1,...,¢,) € K™, A € K, and
k> 1, put

n

n
Ap(e, ) =) 2(ci+AE),  Bile,N) =) (i + AE) M.
i=1 =1
The original operators are A(1,«). We work first with By because the reversed
order turns the characteristic-polynomial recurrence into a relation among operator
images. For a nonempty subset I C [n], write ¢; = ) ,.; ¢;. Fix an integer m > 1,

and consider the condition NR,,

cr+As #0 for every @ # I C [n] and every integer s > m|I]|. (2.1)
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Theorem 2.2. Under (2.1), the quotient

QE (e X) = Pu/ >~ Brle, N)(P)

k>m
has the monomsial basis
Apm ={2:0<a; <m+i—1 for1<i<n}. (2.2)
Its Hilbert series is
m+n—1
Fn,m(Q) = H []}q
j=m

For every subgroup G < S, fizing ¢, it is isomorphic as a graded K[G]-module to

Pn/(hmy hm+l7 ey hm+n—1)y

where hj denotes the complete homogeneous symmetric polynomial. If all ¢; coincide,
the comparison may equivalently use the power sums Dpm,...,Pmin—1- 1Lhe same

assertions hold with Ay in place of By if additionally
ci+Xa#0 (1<i<n, 0<a<m). (2.3)

Lower bound. Set J = {m,...,m +n — 1}. The characteristic polynomial gives
symmetric homogeneous polynomials Ry;, for £ > m and j € J, with

% =Y Ryzl, By=)» BjMg,.
jed jeJ
The first identity is initialized by Ry; = dy; for £ € J, and extended by the monic
recurrence of length n. The order of multiplication in the second identity is essential.
In particular, the first n tail operators generate the joint image. Direct calculation
also gives

[Bi, Bj]l = A(j — i) Bi+;-
Thus the usual Koszul relation between B; and B; has a controlled error; their

commutator is another tail operator. Expressing that operator in the first n generators
supplies the correction below.
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On the graded spaces

Ci = Pu(—j)ej,  Co= P Pu(—i—j)ey,

= ij€J
1<J
define
F(fe;) = Bjf,
G(fei;) = Bjfei — Bife; — A(j— 1) Y Riyjnfex.
keJ

Then FG = 0 identically. At A =0 over K(cy,...,c,), these are the first two Koszul
maps for the weighted powers ) . cizf , j € J. This sequence is regular in every
characteristic. At a common zero, group the nonzero coordinate values as y1, ..., Y,
with index blocks Iy, ..., .. The first r equations give

T
Y enuys =0  (0<k<r).
a=1

The Vandermonde matrix is invertible, whereas every cj, is a nonzero sum of inde-
pendent indeterminates. Thus the only common zero is the origin, proving regularity.
Lemma 2.1 makes every larger polynomial minor vanish. Thus at every parameter

value over K,
Hﬂb(QE,m? q) > Fn,m(Q)' O

Upper bound and basis. The induction separates monomials with full support from
those on a coordinate hyperplane. The first part lowers the tail index; the second

lowers the number of variables. To track nonresonance, put
Bi=ci+mX  Br=> B
el
Condition (2.1) is equivalent to S5 + At # 0 for every nonempty I C [n] and every
integer t > 0. Write m = 21 - - - z,. When m = 1, the identity

n

Z(*l)k_lBkM&kk = M, (C[n] + )\(E + n))
k=1

shows that 7P, is hit, since the last factor acts in degree d by By,) + Ad # 0. Filter
R = P, /7P, by the stable subspaces

F; = (ziy1- - 2n)R, 0=FKCFHhC---CF,=R.
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This filtration sorts boundary monomials by their largest zero index. Indeed, if
i = Hj>l- zj, the map

Klz1,...,Zi, ..., 2n) — Fi/Fi_1, f— pif,

is a vector-space isomorphism shifted in degree by n — ¢. In that layer the i-th
operator summand vanishes because it introduces a positive power of z;, placing the
result in F;_;. For j > i, the extracted factor z; adds one to the Euler operator.
The remaining summands are therefore the same operators in n — 1 variables, with

coefficients

d=c (j<i), d=ci+Ar(j>i). (2.4)

Each surviving j3; is unchanged or replaced by 3; + A, so every new nonresonance
scalar is an old one with a larger nonnegative index. Taking a joint-image quotient is
right exact, so each layer contributes at most its lower-variable quotient. Summing the
degree shifts gives the upper bound [n],F,—11 = F), 1, and the lifted lower-variable
bases partition Ay, 1.

For m > 2, the same characteristic identity gives

BZ(Ca )‘)Mﬂ = Z(_l)kilBZ-&-k(cv /\)M%—k? (25)
k=1
By(e, \)M = M By(c+ A1, ).

For £ > m — 1, every index on the right of (2.5) is at least m. Consequently the
image of 7P, in inm is a quotient of the degree-shifted space ¢"QP (c+ A1, N).

n,m—1
This reduction leaves the shifted coefficients unchanged, since

(ci+A)+(m—1A= 3,

so the lower-tail nonresonance condition follows. The remaining quotient is the tail
quotient of P,/mP,. Its same boundary filtration has shifts (2.4), preserving NR,,,.
Induction on n + m, with the preceding m = 1 case and the convention Fp,, = 1,

therefore gives

Hﬂb( E,m; Q) < ann,mfl + [n]anfl,m
= (qn[m - 1]q + [n]q)Fn—l,m = Fym.

)

For the spanning assertion, the monomials in A, ,, with all exponents positive are
mAp m—1. Those with a zero coordinate partition according to the largest zero index,
and are exactly the lifts of the lower-variable bases through the boundary filtration.
Thus A, ,, spans, and equality with the lower bound makes it a basis.



8 Caius Folkerts

Finally, (2.3) and the singleton cases of NR,, make T' = [ [,(¢; + AE;) invertible. On
every monomial, TA, T~ = By,. This diagonal map preserves the stated monomial
span and is equivariant for every permutation fixing c¢. It transfers the basis and
Hilbert series to the A family. d

Equivariance. The nonresonance hypothesis itself makes K[G| semisimple. In char-
acteristic p > 0, no value among the ¢; occurs p times; choose p equal coefficients
and an integer s > mp divisible by p to contradict c; + As # 0. The stabilizer of ¢
is therefore a product of symmetric groups on fewer than p letters, and its order is
prime to p.

Choose an independent coefficient for each G-orbit, and repeat the lower-bound
argument on each G-multiplicity space. Its weighted power sequence at A = 0 is
regular by the same Vandermonde argument; each nonempty block sum is a nonzero
linear combination of the orbit coefficients. In characteristic p, its coefficients are at
most the orbit sizes, all smaller than p.

The comparison sequence Ay, . . ., hypyn—1 is regular over every field. At a common
zero, the recurrence for complete homogeneous functions forces every later h; to
vanish. Then H(t) = >_; hjt) is a polynomial satisfying [],(1 — z;t)H(t) = 1, so
every z; = 0. Its Koszul resolution and that of the generic weighted powers have
identical invariant generator degrees, and hence identical graded G-multiplicities. The
specialized multiplicity lower bounds, together with the proved dimension equality,
give the comparison. This argument does not require K to split G; for a simple
module L, its multiplicity is dimgx Homg (L, —)/ dimg Endg(L).

If the coeflicients all coincide, the characteristic is zero or greater than n. The
ordinary power sequence is then regular too, since its Vandermonde block sums are
nonzero integers at most n. Its Koszul resolution gives the same character. Finally,
the diagonal conjugation above transfers every assertion to the A family. U

2.2. The Hivert—Thiéry quotient

For ¢; =1, A = a, and m = 1, the nonresonance condition of Theorem 2.2 is exactly
a ¢ &,. Thus its B-quotient has the Artin basis and the graded character of C,,. The
diagonal operator

T, = H(1 + aE;)
i
is invertible in this range and satisfies

TaDapTy ' =) (1+aE) M.

i
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Indeed, on a monomial the coefficient 1 4+ aa; is changed to 1 + a(a; + k). Since
T, preserves each monomial line and commutes with .S,,, this proves the sufficiency
assertion of Theorem 1.1. Over C, for the scalar family ¢; = 1, A = «, the sufficient
excluded parameters for the tail &k > m are

1
{—f:lgrgn, sZmr} U {—:1§a<m}.
s a

At m = 1 this is exactly the original exceptional set; the second list is empty.

2.3. The exceptional parameters and the Artin basis

The obstruction is detected on a subset of the variables; a harmonic copy of the
standard representation occurs beyond its usual coinvariant degrees.

Necessity in Theorem 1.1. When n = 1, the identity D 1 (1) = zf shows directly that
the singleton {1} is a basis for every complex parameter.

Suppose now n > 2 and « € &,. We may write & = —r/s with 2 < r < n and
s > r; if an initial representation has numerator one, replace 1/s by 2/(2s). Setting
Zpp1 = -+ = zp = 0 commutes with every D, j, and therefore induces a surjection
from the n-variable quotient to the r-variable quotient. It also maps the Artin span
onto the r-variable Artin span, so it is enough to show that the latter does not span.

Use the Fischer bilinear pairing
(2%, 2 = al dap-

The adjoint of the original operator on r variables is

T

;7,9 = Z(@f + azﬁf“).
i=1
Its common kernel is the graded dual of the hit quotient.

Put S = 2, +---+ 2 and L = 2; — z5. The harmonic vector f = S*~!L was found
by D’Adderio and Moci [2, Theorem 6.3]. Its resonance is visible in the following
one-variable calculation. For every univariate polynomial ¢, Leibniz’s rule gives

wi (D(S)L) = ((r + alk +1))6™ (S) + aSe* TV (S)) L. (2.6)

Indeed, >, 0;L = 0 and Y, 2;0;L = L. For ¢(S) = S*~!, homogeneity reduces the
right side to (7 + as)¢®)(S)L = 0 for every k > 1.

The Sy-orbit of f spans a copy of the standard representation in degree s. The
classical coinvariant ring C). contains that representation only in degrees 1,...,r — 1,
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once in each. Here is a short justification of this familiar fact. The permutation rep-
resentation is the sum of the trivial and standard representations, and its multiplicity
space in C, is C’;q "~!. Exactness of invariants and the elementary-symmetric relations
give

CS5=1 = Clzp,€l,...,el 1]/ (e1,... ;) = Clz]/(2h),

r

/

/
. -1

J
successively gives e

where ¢’ is elementary symmetric in the first » — 1 variables. Indeed e; = e; + zre
I
=

C%r = C, leaving standard multiplicity series ¢ + ¢®> 4 - 4 ¢" L.

(—2-)7, followed by zI = 0. The trivial multiplicity space is

The comparison of all other multiplicities does not assume the desired conclusion
at this exceptional parameter. In each degree, the original hit matrix has polynomial
entries in «. The already proved theorem at nonexceptional parameters identifies its
generic graded character with C,.. A specialization can only decrease matrix rank,
also on every irreducible multiplicity space. Thus every multiplicity in the harmonic
kernel is at least its generic value. Since s > r, the standard copy just constructed
is additional. Consequently, in degree s, the harmonic kernel has dimension strictly
greater than dim(C;)s, the number of degree-s Artin monomials in r variables.

The degree-s quotient therefore has larger dimension than the Artin span. The r-
variable Artin classes do not span, and coordinate restriction gives the same conclusion
in n variables. g

Remark 2.3. For n =5 and o = —3/4, the polynomial (21 + 2 + 23)3(21 — 22) is
harmonic and annihilates every standard Artin monomial in five variables; its degree
is four, while an Artin monomial supported on the first three variables has degree at
most three. The Artin classes therefore do not span. D’Adderio and Moci [2] predict
the usual graded coinvariant character at this parameter.

2.4. Arithmetic progressions of operator indices

Restricting the indices to multiples of h preserves each exponent class modulo h. On
these residue blocks the operators are again weighted tails, which explains both the
enlarged monomial ranges and the appearance of monomial reflection groups.
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Corollary 2.4. Let h,m > 1, and retain only the operators Bpy(c, \) with k > m.
Suppose

cr+As#0 (@#I1Cn], se€Z, s>hml|ll]).
Their joint-image quotient has basis
{z:0<a; <h(m+i—-1)}

and Hilbert series H;n:;:*l[hj}q. Over C, for equal coefficients it is isomorphic, as a
graded G(h,1,n)-module, to

Pn/(phmyph(m+1)7 s 7ph(m+n71))‘
The corresponding Apy. assertion holds if additionally c; + Aa # 0 for 0 < a < hm.

Proof. Decompose the polynomial space into its stable residue blocks

P, = @ 2Ky, ... 20, z; = 2P
ref{0,...,h—1}"
On the block indexed by 7, the operators are the tail operators in the x variables
with coefficients ¢, = ¢; + Ar; and slope X' = hA. For s > m|I|, their required scalar is

r+Ns=cr+ A(Zm + hs),
i€l

which is nonzero by hypothesis. Theorem 2.2 gives the block basis 0 < b; < m 41— 1.
The lifted exponents a; = r; + hb; give precisely the displayed basis and Hilbert series.

Over C, the two-map comparison in the preceding proof works with indices
hm, ..., h(m +n — 1), recurrence coefficients symmetric in zzh, and the comparison
sequence Phm, - - -, Ph(m4n—1)- Lhis sequence is regular by the same Vandermonde
argument applied to x; = zzh All maps are G(h, 1, n)-equivariant, so the lower bound
on every multiplicity and the already established equality of dimensions prove the
assertion. The extra hypothesis for A, together with the singleton nonresonance
condition for a > hm, again makes the diagonal conjugation invertible. g

When m = 1, this gives the ordinary G(h,1,n) coinvariant module.

2.5. Zero intercept and exact support decomposition

When the multiplication intercept vanishes, the diagonal conjugation used above is no
longer invertible. Exact support provides a different decomposition; over C, consider
the vector fields

n
Lk = Z PRI k> m.
=1
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Their coefficients vanish on monomials whose relevant exponent is zero, so they
preserve each exact-support summand

P, = @ZI(C[zi:iEI], ZIZHZi-
]

IC[n il

On the summand indexed by I, multiplication by z; identifies their action with
Apk(1,1) in |I| variables. All nonresonance conditions above are then automatic.
Consequently

n m+4r—1
Hilb Pn/ZLhk(Pn);q = <Z>q [T il
=0

k>m T j=m

A basis is obtained by choosing I = {i; < --- <, } and taking
T
HzZ?', 1<aj <h(m+j—1),
j=1

including the constant for I = @&. For h = m = 1, the dimensionis > ._, (:})r! = |en!],
and the full-support summand has the usual shifted Artin basis.

2.6. Coefficient fields and equivariant families

The coordinate reductions depend only on the displayed nonresonance scalars, so
they also describe which coefficient fields and parameter rings support the same basis.
Over a field of characteristic p > n, the original Hivert—Thiéry conclusion holds for
a =0 and for every a ¢ F),. For such a parameter all the pivots r + as, 1 <r < mn,
s > r, are nonzero. Here (hy,...,h,) = (e1,...,e,). For the arithmetic-progression
representation statement one may use hp, (27, ..., 2%), . hgn—1(20, ..., 20). The
corresponding monomial group acts when the field contains the needed roots of
unity; semisimplicity requires the characteristic not to divide the order of its diagonal
subgroup.

There is also a family-level strengthening in characteristic zero. Put
anC[a,(r+sa)_1 1< r<n, 327‘].

Define the operators and their joint image over R,[z]. The coordinate filtration uses
only units of R, so the Artin monomials span the universal quotient over R,,. They
are independent over C(a)) by the proved generic comparison. A relation over R,
would lie in the kernel of a map from a free module and become zero over the fraction
field; this kernel is both torsion and torsion free, hence zero. Thus the universal
quotient is a free graded R,-module with the Artin basis.
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Moreover there is a single, noncanonical graded equivariant isomorphism
Ry [2]/Hg, = Cn ®c Ry

Indeed R, is a localization of the principal ideal domain Cla], and each isotypic
multiplicity module is a finitely generated projective R,-module, hence free. Its rank
is the classical multiplicity. Choosing bases for these multiplicity modules gives the
isomorphism, which specializes at every a ¢ &,.

3. Universal resolutions and differential forms

The dimension comparison used only the first two Koszul maps. Retaining the whole
complex explains how the quotients vary with their parameters and how they interact
with differential forms. We begin with the divergence identity that supplies the
differential, then use the coordinate calculation to control its specializations.

3.1. The divergence—Koszul construction

The first two Koszul maps can be deformed whenever the vector fields form a Lie
module and their multiplication terms satisfy a cocycle identity. Divergence supplies
the correction that makes the composition zero. Let P = C[zy, ..., xy], with ordinary
grading or positive integer weights, and let L C Derc(P) be a free graded P-module
with homogeneous basis X1,..., X, of positive degrees d,...,d,. Assume that L is
closed under brackets. Write div for divergence relative to dxy A - -+ A dxpy. Suppose
that a homogeneous P-linear map w : L — P of degree zero satisfies

w([X,Y]) = X(w(Y)) = Y (w(X)),

and that f; = w(X;) form a regular sequence. A closed logarithmic one-form restricted
to L is one source of such a map, but the displayed algebraic hypotheses suffice.

For a parameter t, define
B(X)(9) =tX(9) + (tdivX + (1 - w(X))g, A=) B(X)(P).
i=1

The divergence identities imply
PBi(aX) = B(X)M,, [B.(X), B:(Y)] =tA([X,Y]).

In particular, 7% is independent of the chosen basis.



14 Caius Folkerts

Theorem 3.1. Over C(t), the quotient P/ has the graded Hilbert series of the
complete intersection P/(fi,..., fr). At every complex specialization, each graded
dimension is at least its complete-intersection value. If a finite group acts linearly,
preserves the grading and L, and makes w equivariant, the same statements hold for

each graded irreducible multiplicity.
Proof. Set
Fi: L — P, F(X) =tdivX + (1 — thw(X).
Since Z#(aX) = $(X)(a), its image is 4. Define the C-linear map % : /\?3 L—L
by
G(XNY)=FHY)X - Z(X)Y —t[X,Y].

It is well defined on the balanced exterior product, since replacing X by aX, or Y by
aY, gives in both cases

a9 (X NY)+tY(a)X —tX(a)Y.
Both divergence and w satisfy the Lie cocycle identity, so
FG(XNY) =t(XFA(Y) - Y F(X) - Z(X,Y]) =0.

At t =0, these are the first two Koszul maps for the regular sequence fi,..., fr. They
are exact at L. In each fixed degree all spaces are finite dimensional and the matrices
depend polynomially on t. Lemma 2.1 therefore gives the asserted generic equality
and specialized lower bounds. Linear changes of coordinates preserve divergence, since
the volume form changes by a constant. The maps are consequently equivariant under
the stated group hypotheses, and the same lemma applies to multiplicity spaces. [

For ordinary grading, the generic Hilbert series in this theorem is [[;(1 — ¢%)/(1 —
q)N. For weights w1, ..., wy, the denominator is [ j(l —q"7). “Generic” here means
over the rational function field, or degree by degree after specialization; the theorem

does not assert that a finite exceptional set controls all degrees.
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3.2. The universal parameter resolution

For the weighted power operators, these maps extend to a free resolution over the
ring of independent parameters. Arbitrary specializations need not remain exact. At
the nonresonant parameters considered above, however, the sharp dimension formula
implies local freeness of the universal module, and therefore proves exactness after
specialization as well.

Let K be any field, let n,m > 1, and set

S=Klecr, ... cn, N, P=S[z1,...,2n), J={mm+1,...,m+n—1}

Give the parameters standard degree one. Independently, grade in the z-variables by

total degree. Define

n
Bi=Y (¢ +AE)My, M= P/ 3" Bu(P).
i=1 k>m
Write My for its homogeneous component of z-degree d, retaining the grading in the

parameters.

Theorem 3.2. Fach My has a minimal graded free resolution over S, linear in the

parameter grading, whose term in homological degree p is

Cp(d) = P S(—p) ®x Klz1, - znlay, k- (3.1)
ey
[|=p

Here a negative-degree polynomial space is zero. Consequently,

ﬁ]ﬁ](Md) =0 (.7 7& p)7 Bip(Md) = Z dlmK K[zla ) Zn]d—zkel k-
I1CJ
l1=p

For a nonnegative integer a, the last polynomial dimension is (":ﬁzl)

Proof. The Lie brackets determine the differential; exactness will follow by setting
A = 0, where the complex becomes an ordinary Koszul complex. We first construct
the Lie module on which this reduction takes place. For k > m, put

n

Xp=>» 20,  L=) PX;CDerg(P).
=1 keJ

The coefficient determinant of X,,, ..., X;n4+n—1 iS, up to sign,

(21 2)" T H(ZJ - z),

1<j



16 Caius Folkerts

a nonzero polynomial over every field. These vector fields are therefore a free P-basis
of L. The characteristic-polynomial recurrence expresses every Xp, k > m, in this
basis. Together with [X;, X;] = (j—1%) X4, this proves closure under brackets; closure
for polynomial multiples follows from the Leibniz rule.

For X € L, define

X(2i)

Zi

n
N(X) = Adiv(X) + ) (i =) , Bx(f) =AX(f) +n(X)f.

i=1
The displayed quotients are polynomials, since every X (z;) is divisible by zimH. A
direct calculation gives By, = Bj. Divergence and the logarithmic one-forms dz;/z;
satisfy the cocycle identities

n([X,Y]) = Xn(Y) = Yn(X),  n(aX)=an(X)+ AX(a).

Consequently,
[Bx, By] = AB[X,Y]? B.x = BxM,. (3.2)

These formulas hold in every characteristic.

Scale the bracket and anchor of L by A, and give P the right action f-X = —Bx(f).
Equations (3.2) are exactly the right-module compatibilities. Put X = X; A--- A X,
and use X and Xg;. for the products with the indicated factors omitted. The associated
Chevalley—Eilenberg differential, with first map B, is

P

BX) = 2 (U BN

FAD (D)X, XG) A X (3.3)

1<j

Here the symbols X; in the formula are arbitrary elements of L, not necessarily the
consecutively indexed basis elements. The second identity in (3.2) and the bracket
Leibniz rule make this formula balanced over P; the first identity and Jacobi give
dp—1dp = 0. For example, in degree two the composite is —[Bx, By] + ABxy] = 0.
Thus this is a well-defined complex of S-modules.

Give the basis vector Xj, z-degree k. The differential preserves this degree, and
every coefficient in its matrix is linear in ¢y, ..., c,, A. Taking z-degree d, and shifting
parameter degree in homological degree p by p, gives precisely the finite free modules
(3.1) and homogeneous differentials of degree zero. The characteristic-polynomial
recurrence on the right shows that the image of dy is the joint image of all tail
operators, so Hy(Ce(d)) = M.
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Modulo A, the complex is the Koszul complex of

n
pZ:Zcizf, k=m,....m+n—1,
i=1
over K[ci,...,¢n,21,...,2,]. We verify that this is a regular sequence globally, not
merely at generic coefficients. Passing to an algebraic closure, stratify the common
zero set according to the zero coordinates and to the partition of the remaining
coordinates into blocks Iy, ..., I, having distinct nonzero values y1,...,¥y,. The first

r equations become

T

Z(Zci>y;ny?:(), 0<a<r.

j=1 i€l

Vandermonde invertibility forces the r independent linear conditions ), [ G = 0.
Conversely, these conditions imply all the equations on the stratum. Its z-coordinates
have dimension r, and its coefficient coordinates have dimension n — r, so it has
dimension n. There are only finitely many such strata, including the dimension-n
stratum z = 0. The ideal therefore has height n. Its n homogeneous generators form
a regular sequence in the Cohen—Macaulay polynomial ring. Regularity descends
from the algebraic closure by faithful flatness. Notice that the block-sum constraints
have disjoint supports and coefficient one, so the argument is valid in arbitrary
characteristic.

It follows that Ce(d)/ACe(d) is exact in every positive homological degree. Since
each chain module is free over S, the short exact sequence of complexes

0 — Co(d)(—1) =25 Cu(d) — Cu(d)/NCo(d) — 0

is valid. Its long exact homology sequence implies Hy(Ce(d)) = AH,(Co(d)) for every
p > 0. These homology modules are graded and bounded below. Multiplication by
the positive-degree parameter A cannot be surjective on a nonzero such module; a
nonzero element of least homogeneous degree would have to come from a smaller
degree. Hence all these positive homology modules vanish. This proves that (3.1) is
a free resolution of M.

Every differential entry lies in (ci,...,cp, A), the homogeneous maximal ideal.

Thus the resolution is minimal and has the stated linear Betti numbers. O

At any parameter point with residue field k, the homology of the specialized

complex is

Hy(Cu(d) ®g k) = Torj (Mg, k).
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Its degree-zero group is the specialized joint-image quotient, since cokernels commute
with tensor product. Exactness after specialization can therefore be read from the

quotient dimension.

Corollary 3.3. Fiz a z-degree d, and let

m+n—1 )
ra=1g"] [ Q+a+-+¢".

j=m

At a parameter point p € Spec S, with residue field k, the following conditions are

equivalent

(i) The specialized joint-image quotient has degree-d dimension rq.
(i) (Ma)p ts a free Sp-module.
(iif) Tor; (Mg, x) = 0.
(iv) The specialized finite Lie-Rinehart complex Co(d) ®g K is exact in every positive

homological degree.

In particular, if the specialized parameters satisfy
cr+As#0 (@#1Cn], se€Z, s=>mlll),

then the specialized finite Lie—Rinehart complex is exact in every positive homological

degree, in every z-degree.

Proof. The generic rank of My is ry; tensor its free resolution with Frac(S) and
take the Euler characteristic. Indeed, the generating series of the alternating ranks
is TI74"1(1 — ¢*)/(1 — ). This argument is valid in every characteristic. Write
A =S, and N = (Mg),. This is a finitely generated module of rank r4 over the local
domain A.

If dimy, N ® 4 k = 74, choose lifts of a basis of this fiber. Nakayama’s lemma gives
a surjection A" — N. Its kernel has rank zero, because the source and target have
equal rank. As a submodule of a free module over a domain, that kernel is torsion-free,
so it must be zero. Thus N is free. This argument also covers rq = 0. Conversely,
a free localization necessarily has rank r4, giving the stated fiber dimension. This
proves the equivalence of (i) and (ii).

A free localization has no positive Tor. Conversely, tensor a minimal presentation
0— K'— A - N — 0 with x. If Tor{'(N, k) = 0, minimality gives K’® 4% = 0, and
Nakayama gives K’ = 0. This proves (ii)<=>(iii); the free resolution identifies these
conditions with (iv). Under nonresonance, Theorem 2.2 gives the fiber dimension rg,

and hence all four conditions in every degree. O
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3.3. Differential-form quotients

The diagonal conjugation used in Theorem 1.1 also applies to Lie derivatives on
differential forms. Write

dzz-
Z5 '

Xk‘ = 2254*187:’ Q;Og =P Kc /\<61, R ,9n>, 01

Assign polynomial degree zero to each 6;, and let S, permute the variables and their
differentials. On this space set

@a,k = pr + Oéﬁxk, %p = Z ‘@a,k(ﬂfog)‘
E>1

Here £ denotes the usual Lie derivative.

Theorem 3.4. For every o ¢ &, and every 0 < p <mn,

p
O /AP = Cpec [\C"

as graded Sy-modules, with \P C™ placed in polynomial degree zero.
The integrable differential

V. =ad+ (Z 9i> A= (1+aE;) 0

)

preserves the hit subspaces and makes their quotient into an acyclic complex. An

Sn-equivariant contracting homotopy is induced by

1 _
ha = Z(l + k),
K3

where 1; contracts the exterior generator ;.

Proof. For an ordered subset S C [n], write g = ;. 0:. Since Lx, 0; = kzk0;, the
operator on the coefficient of fg is

Z sz(l + OéEZ' + ak 1i65’)~
i
Define the diagonal operator on this sector by

Ts = [[(1+ aE).
i¢s
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All its eigenvalues are nonzero at the stated parameters. If i ¢ S, conjugation changes
2F(14aE;) into (1+aF;)2F; if i € S, the operator already has the latter form. Hence
the direct sum 7' = @4 T is graded and S,-equivariant, and

TPuiT ' =Bar @1

on every exterior degree. The scalar theorem proves the module isomorphism.

The operators 1 + aF; commute, so V2 = 0. Moreover,
TV T = pA, p= ZGZ-.
i

Indeed, adding ¢ ¢ S to S removes the factor 1 + aF; from Tg, exactly canceling
the coefficient in the differential. The transformed differential commutes with every
B, 1 ®1, and therefore descends to the quotient. The exterior complex with differential
pA has contracting homotopy n~! >, ti- Conjugating back gives the displayed hq,
which also commutes with the hit operators. Thus Vo hy + hoVe = 1 on the

quotient. Il
There is a parallel statement for ordinary polynomial forms QF, = P ®
NP(dz1, ..., dz,). Give dz; degree one and use the same formula %, ; = pr + aLx, .

Theorem 3.5. For every a ¢ &,,

p
W /D Dap(¥) = Cr e \C”

k>1

as graded Sy-modules, with the exterior factor placed in degree p.

Proof. Now Lx,dz; = (k + 1)zFdz;. On the dzg sector, conjugation by the same T
therefore gives the weighted scalar family
BY = Z(cf + aEi)sz’ & =1+als.
i
For every nonempty I C [n] and every integer s > |I|, its nonresonance scalar is
& +as=|Il+a(s+|INS)),
el
which is nonzero because a ¢ &,. The weighted scalar theorem thus identifies this
sector quotient with C,,, restricted to its stabilizer Sg x Sge.
The exterior generator dzg contributes the sign representation of Sg and degree p.
Inducing over all p-element subsets gives

p
Indgsxsnip (Resgsxsnip Cn ® (sgnp &1)) 20, ® /\ c",



The Hivert—Thiéry conjecture and differential normal forms 21

with the asserted degree shift. (|

3.4. Parameter shifts and a finite Witt complex

Multiplication by a variable shifts one coefficient of the weighted operators. These
maps form a Koszul complex, whose homology is computed by a finite truncation of
the positive Witt algebra. Fix m > 1. For a commutative C-algebra R and parameters

Cly...,Cny, A € R, write
B =3 (ei+ AE)My, Qo= Rlet,oozal [ BE(RIZ)).
i k>m

For S C [n], set Qs = Qc4a15- The identity
BEM,, = M, B{ e

shows that multiplication by z; induces Qs — Qg\; whenever ¢ € S. Define the chain

complex

Ko(e\) = @ Qses,  wl((fles) = Y (~1)PsO [z fleg,. (3.4)
SC[n] i€S
ISl=p
Give eg polynomial degree |S|; thus x has degree zero. Commutativity of the
multiplications proves x? = 0.

The parameter shift is exactly what makes this polynomial Koszul differential
commute with the operator resolution. The resulting double complex can be read in
either direction; resolving the operators gives ICo, while resolving the coordinates sets
z = 0 and leaves only the constant bracket coefficients. These coefficients form the
following finite Lie algebra.

Let to,,, , be the graded complex Lie algebra with basis t,, . .., Umi4n—1, degu; = j,
and brackets

(j—i)uH_j, i+j§m+n—1,

[wi, uj] = (3.5)

0, t+3>m4+n—1.
It is the quotient of the Lie algebra with basis u;, 7 > m, by the ideal spanned by u;,
j = m+n. Write 0 for its Chevalley—Eilenberg differential with trivial coefficients,
using the sign convention

—~
. uib

a(uil ARRRNA uiq) = Z(_l)a+b+1[uia7uib] ANTARE 'L/Ll\ o

N /\U’Lq
a<b

In particular O(u; A u;) = [u;, uj).
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Theorem 3.6. Assume that every scalar
Zci—i—)\s, @#1C[n], s>m|], (3.6)
i€l

1s a unit of R. There is a natural zigzag of graded quasi-isomorphisms

Ke(c,A) — TotD — (R@c [\ 0mn, A). (3.7)

It commutes with all coordinate permutations preserving the parameters. The induced

action on the finite Lie algebra vo,, , is trivial.

With the independent universal parameters Sy = Cley, . .., ¢, A], the same quasi-
isomorphism holds over Sy before any localization. The unit condition (3.6) ensures
that it continues to hold for the ordinary quotient complex after arbitrary specialization

of parameters.
Proof. Let Pr = R]z], and let L be the free Pr-module with basis

Xk:ZZf+1ai, k:m,...,m+n—1.

For independent parameters this is the Lie-Rinehart module used in Theorem 3.2.
The operator for weights c is

BS(f) = AX(f) + (AdivX + Z(q - )\))(Si)> f.

For X = Xy, it is Bf. We use the right action and differential of (3.3). Every X € Lp
has X (z;) divisible by z;, and

B$M,, = MBS (3.8)

Thus the ordinary polynomial Koszul complex
K}'= P Pres,  w=)_ 2,
|S|=p i

is a complex of right Lie-Rinehart modules when the sector £g has weights ¢ + A1g.
The differential s is Pr-linear.
Set
q
Dpq = K2 @p, \ Lr.
Pr

Use the Koszul differential in the p-direction and the finite Lie-Rinehart differential
in the g-direction, with the usual total-complex sign. Equation (3.8) makes these
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differentials commute before the total sign is inserted. Give the exterior generator
X}, degree k. The total polynomial degree is therefore the coefficient degree plus |S|
plus the sum of the exterior indices k; both differentials preserve it.

First work over Sy. For a fixed S, its g-complex is the universal free resolution
from Theorem 3.2, after the polynomial automorphism ¢; — ¢; + Al;cg. It is exact in
positive ¢, with degree-zero homology (J)s. The augmentation to that quotient gives
the left arrow in (3.7); it is zero for ¢ > 0, and for ¢ = 0 it sends each polynomial
coefficient to its class in ()g. The bounded double-complex spectral sequence proves
that this arrow is a quasi-isomorphism.

For the other direction, fix ¢. Since A? Ly is free over Pg, the p-complex is the
polynomial Koszul resolution of its fiber at z = 0. Its only homology is in degree

p = 0, where it equals
q

N(Lr/(z1,.. ., 2)LR).

R

The second augmentation is zero for p > 0, and for p = 0 evaluates the coefficient at
z = 0. The action terms in its induced differential vanish; B, (f)(0) = 0 for every
polynomial f, since K > m > 1. Only constant bracket coefficients survive. Since
[Xi,X;] = (j — )Xy, these are precisely (3.5) when the sum lies in the basis range.
Ifi4+j>m+n—1, its expression in that range has coefficients of positive degrees
1+ 7 — k, which vanish at the origin. The induced differential is consequently \0.
This proves the right-hand quasi-isomorphism over Sy.

Now localize Sy by all the scalars in (3.6). The shifted sectors have the same

nonresonance property, since

D (ci+ALics) +As = > ci+ s+ [INS)).

il icl
The coordinate reductions in Theorem 2.2 use only the inverted scalars, and the
resulting Artin classes are independent over the fraction field. Thus each homogeneous
quotient is free over this localization. Its augmented Lie-Rinehart resolution is split
exact, and remains so after every base change to R satisfying (3.6). The polynomial
Koszul resolution also survives every such base change. The same two augmentations
prove (3.7) over R.

All constructions commute with coordinate permutations. Each X is itself

invariant under those permutations, so the action on its fiber class wy is trivial. [

The homology of the finite model gives an exact universal torsion description. Put

q+1 q
Hy = Hy(w,,0;C), B, =im (8 : /\ 0., — /\mm,n> ,
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and set B_; = 0. All of these spaces retain their polynomial grading. Choosing
homogeneous complements to cycles and boundaries gives, for any R in Theorem 3.6,

Hy(Ko) = (RocHy) ® (R/AR)®cBy) & (Anng(\) @cBgo1).  (3.9)

The decomposition is not canonical, but its summands and gradings are specified.
Indeed, in the chosen decomposition the only nonzero blocks of 9 identify a complement
to the cycles in degree ¢ with B,_1; multiplying these blocks by X gives (3.9) directly.
For the universal polynomial ring, or its nonresonance localization, A is a nonzero
divisor, so the last summand is absent. The entire torsion is killed by one power of A.

Over C, at A = 0 the homology is the full exterior space A? 1o, ,, whereas at any
A # 0 it is Hg. The first homology is completely explicit

[mm,rw mm,n] = <u2m+17 C) um+n—1>u

where the span is zero if the lower limit exceeds the upper. For the reverse inclusion
one uses [Upm, Uj—m| = (j — 2m)u;. Thus, at a nonzero parameter,

min(2m,m+n—1)
Hi(K,) = @ Cuy, dim H; = min(m + 1, n).

Jj=m

Over the universal ring, its free summands have these same degrees, and it has one
A-torsion summand in each degree 2m +1,...,m+n — 1.

For the original one-parameter problem take m =1, ¢; = 1, and A = «. On the
polynomial-form hit quotients of Theorem 3.5, the cube differential becomes

Ko=) (1+aE) "M, g, (3.10)
i

This follows by conjugating (3.4) with the sectorwise operators T used there. It has
total polynomial degree zero, its square is zero, and it descends to the hit quotients.
For every a ¢ &, its complex is quasi-isomorphic to (A°® 101, @d). In particular, all
its homology carries the trivial S,-action. At @ = 0 it recovers the exterior classes in
degrees 1,...,n; at every allowed « # 0, its first homology has one class in each of
degrees 1,2 when n > 2, and only the degree-1 class when n = 1.
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Corollary 3.7 (Stable pentagonal degrees). For the original polynomial-form complex
(3.10), let a ¢ &, and « # 0. For every homological degree p > 1 and every polynomial
degree 0 < d < n,

1, d=(3p*—p)/2 ord= (3p*+p)/2,

dime Hy(ka)qg =
P 0, otherwise.

Every nonzero group in this formula is the trivial Sy,-module.

Proof. In total polynomial degree d < n, every exterior basis index and every bracket
output is at most n. The complex of tvy , is therefore exactly the degree-d part of
the Chevalley—Eilenberg complex of the infinite positive Witt algebra, with basis u;,
j > 1. Goncharova’s theorem gives its positive-degree homology in precisely the two
displayed weights [9]; see also [10, Theorem 1.4] for the stated grading convention.
Cohomology and homology have identical dimensions in each fixed weight, since their

finite-dimensional complexes are dual. The result now follows from Theorem 3.6. U

4. Monomial reflection groups and residues

We return to the coordinate filtration. Arithmetic progressions gave the G(h,1,n)
quotients; the product invariant of G(h,p,n) requires a thicker coordinate boundary.
Let K be a field, put P = Klz1,...,2,], and fix p | h and a = h/p. Over C, the
group G(h,p,n) consists of monomial matrices whose nonzero entries are h-th roots
of unity and whose product of nonzero entries has a-th power one. Set m = z1 - - - 2,
retain the operators Bpi(c,\), k > 1, and add

JP = (cp) + AE) Ma.
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Theorem 4.1. Suppose

cr+As#0 (@#1C[n], s=>hl|l),
sZan),

C[n]+)\$7é0 (

where s is integral. Then the quotient by the joint images of By, k > 1, and JP has
Hilbert series

oy [T

A basis is the disjoint union, over 1 <i <n, of the monomials z° with
0<bj<hj(G<i), O0<b<a, a<by<a+h(j—1)(>i

Over C, for equal coefficients, the quotient is the graded G(h,p,n) coinvariant module.

Over C, the same conclusions hold for Apk(c, ) together with
JA = Mya(cpy + AE)
if the proper-subset condition above holds and, in addition,
ci+As#0 (1<i<mn, s>0), C) +As# 0 (s2>0).

Proof. For the lower bound in the B case, use the free module of derivations with

basis

th:szk“@i (1§k<n), Y =7n°FE.

Its coefficient determinant is, up to sign, 7% [, _ j(zh — 21", hence is nonzero. It is

J
closed under brackets. Besides the Witt brackets, one has

[(Xnk, Y] = appiY — hkm® Xpp.

h h

The characteristic identity, with e; evaluated in 27, ..., z,, gives

n

Z(_l)k_len—thk = 'Y,
k=1
It expresses Xy, and then every higher Xpy, in this basis.

Use the cocycle and operators from the preceding universal construction,

X(z
n(X):)\divXjLZ(ci—)\)ﬁ, Bx = AX + M,x).

2
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They give Bx,, = By and By = J B Right balance and the commutator identity
give the first two Koszul deformation maps exactly as before. Over the field of
independent coefficients K(cq, ..., ¢,), the comparison sequence at A = 0 is

h (n—1)h
E CiZi'y ey Z iz ;o Cym
i i

It is regular; at a common zero, m = 0, and the remaining at most n—1 distinct nonzero
values among zlh are ruled out by the Vandermonde argument, since every nonempty
block sum of the independent coefficients is nonzero. The rank lemma identifies
the generic quotient dimension with the complete-intersection value. Specialization
cannot increase matrix rank, so this is a lower bound at every parameter. For equal
coefficients over C, apply the same argument at ¢; = 1, A = 0 on each multiplicity
space. Its comparison sequence is pp, . . . s D(n—1)hs nm®.

For the upper bound, the image of J is exactly 7®P, because on a monomial of
degree d its scalar coefficient is ¢, + A(d + an). Filter P/7%P by

F; = (zig1- - 20)"(P/7*P), 0<i<n.

The i-th layer is the direct sum of a copies, shifted by a(n —i) +b, 0 < b < a, of
the (n — 1)-variable arithmetic-progression module, with coefficients ¢; for j < i and
¢j + Aa for j > i. The omitted term raises the i-th exponent by at least h > a and
vanishes in the layer. The proper-subset hypotheses ensure nonresonance on all these
layers. Thus right exactness gives

n—1 —
Hilb Q < [a an” ) T hd)g = [an] H
i=1 i=1

The lifted bases are precisely the displayed disjoint union. The lower bound makes
them independent and proves the character statement.

Over C, the invariant ring of G(h,p,n) is
(C[el(zh), .. ,en_l(zh), .

taking

Indeed invariance under its diagonal subgroup gives @}_, LrebClzh, L 2

symmetric invariants and using 7% = e, (z") gives the displayed ring. Newton’s
identities identify its positive-generator ideal with the comparison ideal used above.

Finally, under the hypotheses for A, both J4(P) and JB(P) equal 7*P. The
invertible diagonal map T" = [],(¢;+AE;) preserves this monomial ideal and conjugates
every Apr to Bpr. It therefore identifies the two quotients, and preserves each
monomial line and the group action in the equal-coefficient case. This proves all
assertions. U
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Corollary 4.2. Over S = Klci,...,cn, A, let MPP be the universal quotient by By,
k>1, and JB. Put

(81,-..,6,) = (h,2h, ..., (n — 1)h,an).

The entries are indexed degrees and may repeat. For each z-degree d, MZ’p has a

minimal linear free resolution over S with term

P S(—r) ok Kz, 20la—y,, 5,

ICn]

|T|=r
in homological degree r. At every parameter point satisfying the nonvanishing assump-
tions of Theorem 4.1, this finite Lie—Rinehart complex remains exact in all positive

homological degrees after specialization.

Proof. The derivation basis, bracket formulas, and cocycle in the preceding proof are
valid in every characteristic. Its determinant is still a nonzero polynomial. At A = 0,
the comparison sequence over K]c, z] is now

Z h Z 2h Z (n=1)h a
CiZ; s CiZ; s ey Ciz; y C[n]ﬂ .

This sequence is globally regular in arbitrary characteristic. To see this, pass to an
algebraic closure and stratify by zero coordinates and by the distinct nonzero values
of zlh If # = 0, their number 7 is at most n — 1; the first r power-sum equations force
the r disjoint block sums of the coefficients to be zero. If 7w # 0, the last equation gives
Cfn) = 0, supplying the zeroth power-sum equation. Together with the first » — 1 other
equations, this again forces all r block sums to be zero by Vandermonde invertibility.
In either case there are r independent coefficient constraints, while the z-stratum
has dimension r. The latter statement remains valid when the characteristic divides
h, since the power map is finite even when inseparable. Each stratum therefore has
dimension n. The common zero set has dimension n, so the n generators have height
n and form a regular sequence.

The proof of Theorem 3.2 now applies without change; the complex modulo A
is this Koszul complex, and positive-degree universal homology vanishes by graded
Nakayama. All matrix entries are linear in the parameters, giving the stated minimal
resolution. Its generic rank in degree d is the coefficient of [an], H;:ll [hjlg-

At every nonresonant point, Theorem 4.1 gives this same fiber dimension. The
local-freeness argument of Corollary 3.3 then gives exactness of the specialized

complex. O
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4.1. Flat braid residues

The coordinate flag also respects the fusion of logarithmic residues that occurs when a
coordinate is deleted. This allows noncommuting residues along the braid hyperplanes,
provided their flatness relations survive the fusion. Multiplication and differentiation
still have the same degree here; Section 5 will treat differential terms of lower degree.
Let V' be a finite-dimensional complex vector space. Assign matrices Ry = Rpq €
Endc (V) to the edges of the complete graph on {0,1,...,n}. Assume the relations

[Rap, Rea) =0 (a,b,c,d distinct), [Rab, Rac + Rpe) =0 (a,b, c distinct). (4.1)
Write ¢; = Ro;, bjj = R;j, and let A € C. On P ®c V, define

Bk = Z(Cl + )\EZ)MZ;C

1

+ Zbithk(Zi7Zj)’ hk(l‘,y) =

1<J

g+l gkt

-y
The displayed divided difference is a polynomial. For a nonempty J C [n], put

Cr= Y. Ra

0<a<b<n
{a,b}NJ#£D

Theorem 4.3. Suppose that
Cy+ Asly s invertible for every @ # J C [n] and every integer s > |J|. (4.2)
Then the classes of
2Tzt @, 0<a;<i,

where v ranges through any basis of V', form a basis of

(PacV)/ > BuP@cV).
k>1

Its Hilbert series is (dim V')[n]4!.
If a finite group G C S, acts on V and satisfies
p(9)Rabp(9) ™" = Ry(a)g(v)» g(0) =0,

the quotient is isomorphic as a graded G-module to Resé" C, ®c V, with diagonal
action.



30 Caius Folkerts

Proof. We first verify the operator identities used for the lower bound. The matrix-
valued logarithmic form
dz; d(z; — zj)
w= ci—AMy)— + Y bjj——TT
Z(Z 2= Z” % — 2
7 1<J

is closed and flat. Indeed, (4.1) are the rank-two residue relations for the hyperplanes
z; = 0 and z; = z;, and subtracting the central matrices A1y does not change them.
The rank-two curvature calculation in Section 5.2 proves flatness directly. For the
free Lie module with basis X = izf“&-, 1<k <n, set

Bx = AX + Adiv X + w(X).

Then Bx, = By, and

Box = BxM,, [Bx, By| = ABx y1- (4.3)
In particular, the characteristic-polynomial recurrence reduces all By to the joint
images of By,...,B,, and the same two-map syzygy construction as in the main
proof applies.

For an unconditional lower bound, introduce a scalar u and replace the parameters
by

Au) = ul, ci(u) = (1 —u)ly + ug;, bij(u) = ubj.

All commutators in (4.1) are multiplied by u?, so the relations persist. At u = 0, the
first two maps are the power-sum Koszul maps tensored with V. The polynomial
two-map rank lemma gives the classical lower bound in every degree at every u, hence
at the desired u = 1. For a symmetry group G, this entire path is equivariant, so the
lower bound also holds for each irreducible multiplicity.

For the upper bound, write m = 21 - - - z,,. In addition to the scalar characteristic
identity, we have

n

Z(—1)k—1en_k hi(2i,2) = 7.

k=1

1 k+1

To see this, the characteristic identity gives Zk(—l)k_ en—kz; = = Tz; subtract its

version for j and divide by z; — z;. Consequently,

n

> (=D BM,, _, = My (Cy + A(E + n)1y).
k=1

In polynomial degree d, the last factor is invertible by (4.2), so 7(P ® V') lies in the
hit subspace.
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Use the same coordinate-ideal flag on (P/7P) ® V as in the main proof. On the
layer whose largest zero coordinate is i, remove z;, divide out z;41 - - - 2y, and shift
degree by n —i. The new residues are

C;- =cj+bjj +Alj5; 1y, b;'k = bjx (J, k #1). (4.4)

Here hi(0,25) = z;“ gives the fusion term b;;; the derivative of the divided-out
monomial gives the scalar A-shift.

The relations survive this fusion. Ignoring the central shifts, replace the vertex 0
by the block {0,i}; R6j = Rp; + R;;. For example, the new triangle relation expands
as

[Roj + Rij, Rox + Rir, + Rji] = [Roj, Ror + Rji| + [Rij, Rir + Rji]
+ [Roj, Rir] + [Rij, Rox] = 0.

The first two terms are old triangle relations and the last two are disjoint-edge
relations. All other new triangle and disjoint-edge relations follow in the same way,
or are unchanged. Adding the central shifts in (4.4) preserves them.

For every nonempty remaining subset J, its new matrix C”; is
Ch=Cr+XJn{i+1,....,n}1y.

Thus (4.2) is inherited by every layer. Induction on the number of variables, using
right exactness of the joint-image quotient, gives the coefficientwise bound

n
Hilb Q < (dim V) ) ~¢"*[n — 1]4! = (dim V)[n],!.
i=1
The same induction gives precisely the Artin monomial lifts. The lower bound proves
equality and their independence. Equality of total dimensions together with the
irreducible lower bounds proves the equivariant assertion. O

There is also a tail version. If only k& > m are used, replace (4.2) by invertibility of
Cj+ Asly for s > m|J|. Then the quotient has the basis (2.2) tensored with V', and

m+n—1

HilbQ = (dimV) [] [

j=m

For a symmetry group G, the comparison is P/(pp, ..., Pmin—1) @ V as a graded G-
module. Indeed, fusion and the coordinate flag are unchanged. The interior recursion

uses

n
BiMy=> (-1)F'BppM., ,,  Bf°M.=MB; P,
k=1
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which follow from (4.3) and the characteristic relation of the vector fields. These are
exactly the two identities used in the tail induction of Theorem 2.2. The lower-bound
path now starts at the regular sequence py,, ..., Dmin—1-

4.1.1. Young-content parameters for symmetric-group residues. Put N =
n + 1, label the letters of Sy by 0,1,...,n, and let V; be its irreducible complex
representation indexed by a partition 7 = N. For a partition v, write

ct(v)= > (b—a).
(a,b)ev

For ¢, k, A € C, take
¢ = cid + k(1 — (04)), bij = k(1 —(ij)) on V..

These residues satisfy the required infinitesimal braid relations. Consequently the
preceding theorem has the following scalar form; if

rc—i—/ﬁ{(];[) - (NZ_T> —ct(7)+ct(u)} FAs£0 (4.5)

for every 1 < r < n, every partition u C 7 of size N — r, and every integer s > 7,
then the classes of

{zft 2o 0<a; <}V,

form a basis of the joint-image quotient, and that quotient is isomorphic, as a graded
Sp-module, to

Cp ® Resg™ V.

Here S, fixes the letter 0 and acts diagonally on the tensor product. For the tail
with & > m, the same statement uses s > mr in (4.5), the basis A, , ® V;, and the
comparison module P, /(pm,- - - Pmin—1) @ Resgiv V..

Indeed, let J C {1,...,n} have size r, and let Q4 = 3", 1 4(ab) for a set of
letters A. Writing K ={0,...,n} \ J, the relevant matrix is

. N N—7r\\.
CJ:rc1d+/<c[(<2>—< 5 >>ld—Q{o,...,n}+QK-

The sum of transpositions acts on a Specht representation by its content sum; iterated
branching to Sk has precisely the constituents V), with p C 7, |u| = N —r. The
displayed scalars are therefore exactly the eigenvalues of C'; + Asid. This proves the
assertion from the matrix theorem.

For the standard representation V(y_y 1), the expression inside braces has eigen-
value N with multiplicity r, and eigenvalue r with multiplicity N —r —1; a value with
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zero multiplicity is omitted. To see this directly, on the permutation representation
Z{ayb}m]#@(l — (ab)) is the graph Laplacian of the complete graph with the edges
inside K removed. Its constant eigenspace has eigenvalue zero. On the sum-zero
subspace, vectors supported on K with coordinate sum zero have eigenvalue 7, while
their complementary r-dimensional subspace has eigenvalue N.

4.2. Cyclotomic residues

For the cyclotomic hyperplanes, coordinate deletion again fuses the incident residues,
but intermediate powers require a refinement of the coordinate flag. This combines the
two preceding constructions and includes the extra invariant of every group G(h,p,n).
Let h > 1, let p | h, and put a = h/p. Let V be a finite-dimensional complex vector
space. Choose matrices ¢; and b;; ¢, where i < j and ¢ h =1, such that the rational

matrix-valued one-form

w = Z(CZ — )\1\/) dlog z; + Z Z bij,C dlog(zi — CZ]')

i i<j ch=1

is flat. Equivalently, one may impose the rank-two residue relations (5.8) for this
arrangement. The subtraction of central A1y from the coordinate residues does not
affect flatness. For k& > 1, define

Bhk: = Z(Cl + )\EZ)Mz?k

‘ (4.6)

K3
2.2 big Mz ity i czy)-
i<j ¢h=1

All the divided differences are polynomials. For a nonempty J C [n], set

CJ:ZCi+ Z Z bijc, JB = (C[n]—l—)\E)Mﬂa, W:H,Zi.

ieJ 1<J ¢h=1 7
{i.5¥NI#2
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Theorem 4.4. Assume that the matrices
Cj+ Asly

are invertible for every nonempty proper J C [n] and every integer s > h|J|, and that
Cln) + As 1y is invertible for every integer s > an. Then the joini-image quotient of
P ®V by all operators in (4.6) and by JP has Hilbert series

n—1
(dim V) anl, [ Thil-
j=1

A basis is the monomial basis in Theorem 4.1 tensored with any basis of V. If
G(h,p,n) acts on 'V and the residues transform covariantly with their hyperplanes,
the quotient is Cg(ppn) ® V' as a graded representation, with the diagonal action.

Proof. For a logarithmic vector field X, put
Bx = AX + Adiv X + w(X).

Closedness and flatness of w give right balance and [Bx, By] = AB|x y]. On the free
Lie module with basis Xp, ..., X,_1)p, Y = 7°E, from the proof of Theorem 4.1,
these are precisely the operators By, and JB. The characteristic identity reduces the
remaining By on the right. The path

Au) =uX, ci(u) =1 —u)ly +uc;, bijc(u) = ubijc

preserves flatness, as its logarithmic form is uw+(1—u) >, dlog z; 1y,. At zero the first
two maps are the Koszul maps for the regular sequence py, . .., pn—1)n, n*, tensored
with V. The rank lemma proves the required lower bound, including irreducible
multiplicities in the equivariant case.

We first establish the upper bound for just the operators Bpi in m variables,
assuming invertibility of every C; 4+ Asly with s > h|J|. The characteristic identity
in the variables zil gives

m
S (DFBuM, ony = Mon (Cp + AE + hm)1y).
k=1
For the divided differences, this follows by subtracting the two identities with nu-
merators zzhkﬂ and ¢ zj}-LkH; the right side is 7" (2; — (z;) before division. Thus every
multiple of 7" is hit.

The divided differences contain intermediate powers of the coordinate being
deleted. To isolate their constant term in that coordinate, filter P/7"P by
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(2i41 - 2m)(P/7" P), and refine each successive layer by the powers z?, 0 < b < h,
in decreasmg order. In the associated layer, terms that raise the exponent of z;

disappear. The remaining divided difference is z;’k, regardless of (. Hence deletion
fuses
C;' =Cj + Z bij,g + )\hlj>i 1v, (4.7)
¢h=1

with the natural interpretation if j < ¢, and retains the other braid residues. Flatness
is preserved. Indeed, the coeflicients of dz; A dzy, for j,k # 4, in w A w are regular at
a generic point of z; = 0. Their restrictions are exactly the curvature coefficients of
the fused form; they vanish. This proves the rational identity on the whole smaller
arrangement. The scalar shifts do not change it. Closedness is automatic. For every
remaining subset J, fusion changes its C; only by Ah|J N {i+1,...,m}|1y, so all

nonresonance conditions are inherited.

Induction and right exactness give

m m— m
Hilb Q < (dim V)[]g Y _ ¢ H [hjly = (dim V) H
i=1 j=1 j=1
The same induction provides the monomials 0 < b; < hj as a spanning set. This
proves the needed upper bound for the smaller layers.
For the theorem itself, the full-subset hypothesis makes the image of JZ exactly
(P ® V) Apply the thick coordinate filtration with exponent a, refining the i-th
layer by z , 0 < b < a, as above. Since a < h, the i-th coordinate-derivative term
vanishes in every such layer. Fusion is unchanged, while the central shift in (4.7) is
now Aa instead of Ah. Each remaining layer meets the just-proved hypotheses by the
proper-subset assumptions of the theorem. Therefore

Hilb@Q < (dim V)] Zq“(” Z)Hh]q— (dim V')[an] 1:[

The lifted spanning monomials are exactly those stated in Theorem 4.1. The lower

bounds make them independent and prove the representation statement. O

5. Filtered logarithmic operators

When a flat differential perturbation has lower degree than the multiplication part, a
regular sequence gives normal forms at every parameter. The same argument works

with scalar, matrix, or noncommutative coefficients.
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Let K be a field, let P = K|[x1,...,2zxN] have positive integer weights, and let
L C Derg(P) be free over P, graded, and closed under Lie brackets. Choose a
homogeneous basis X1,..., X, with deg X; = a;. A P-linear map w : L — P is
closed if

w([X,Y]) = X(w(Y)) = Y(w(X)).

Suppose w is homogeneous of degree h > 0 and f; = w(X;) form a regular sequence
of positive degrees k; = a; + h. Write I = (f1,..., fr), and fix a graded vector-
space complement Vj to I in P. The principal example will be w(X) = X (n) for a
homogeneous potential 7.

Theorem 5.1 (Filtered normal forms). Let o/ be a unital associative K -algebra, let
t € o be central, and let a : L — P ® o7 be P-linear and homogeneous of degree zero.
Assume

t(X(a(Y)) = Y(a(X)) = a([X,Y])) + [a(X), a(Y)] = 0. (5.1)
For left multiplication by a(X), define
Bx(g) =t div(gX) + w(X)g + a(X)g.
Then inclusion induces a filtered isomorphism of right </ -modules

Voo o (P®d)/ZBXi(P®d). (5.2)

The hit subspace is independent of the basis of L, its associated graded space is 1 ® o,
and the finite Lie—Rinehart complex is exact in positive degrees. For every left of -
module U, the same assertions hold with coefficient space U ; in particular the quotient
is Vo @ U. All identifications are equivariant for compatible finite-group actions when

Vo is chosen stable.
Proof. Closedness, the divergence identity, and (5.1) give
Byx = Bx My, [Bx, By] = tB|xy] (b € P). (5.3)

Thus —Bx defines a right action for the bracket and anchor of L scaled by ¢. Use the
finite exterior differential of (3.3), with first map +B. Give an exterior basis vector
Xiy A -+ A X, filtration shift k;; +--- + k;,, and give the coefficient algebra degree
zero. The leading complex is the Koszul complex of fi,..., f., tensored over K with
&/ . Indeed, the other action terms lower shifted degree by h, and so do the bracket
terms, since deg cfj =a;+a; —agin [X;, X;] =), cijg.

The remaining issue is cancellation between leading multipliers; such a cancella-
tion might otherwise create a new leading term outside I. Regularity makes each
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cancellation a Koszul boundary, and the flat differential lifts that boundary without
changing the image. Here is the degree reduction explicitly. For 0 # u = djv, suppose
the highest shifted degree of v exceeds degu. Its leading part is a Koszul cycle, hence
a Koszul boundary. Subtracting the corresponding lifted boundary dow leaves dyv
unchanged and lowers that degree. Iteration terminates, so the leading part of u lies
in I ® of. Conversely, every homogeneous element of this space is the leading part of
an image. Therefore

gy Bx,(PRo) =104

)

The decomposition P = I @& V now gives, by degree reduction,

Poo =) Bx,(Pod) & (o).

This proves (5.2), including its filtration assertion. For a positive-degree cycle, its
leading part is again a Koszul boundary; subtracting a lift and descending in degree
proves exactness.

Every step remains valid with coefficients in an arbitrary U; the scalar Koszul
complex is exact after tensoring with any K-vector space. The balanced identity
in (5.3) gives basis independence. For a stable complement, inclusion makes the
identifications equivariant. OJ

The proof requires only strict degree decrease of the lower terms. It therefore
applies unchanged when these terms have several different degrees, provided the
identities (5.3) still hold.
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Corollary 5.2 (Scalar parameters). Letn € Py, h > 0, and suppose f; = X;n form
a reqular sequence of positive degrees. Let x1,...,xs : L — P be closed P-linear maps

of degree zero. For every choice of parameters,

s
B0(X)(g) = t div(gX) + (Xn S buxV(X)> g
v=1
has a joint-image quotient with basis space Vy, filtered associated graded space P/I,
and an exact finite exterior complex in positive degrees. Over R = K|t by, ..., bs], the
quotient is freely Vo ® R, and this identification survives every specialization. Giving
the parameters degree h makes it graded. If a finite group preserves L,n, and the
cocycles, a stable Vyy gives the same conclusions equivariantly.

Proof. Take o/ = R, w(X) = Xn, and a(X) = > b,x,(X) in the theorem. O

For matrix coefficients, retain L, n, f;, I, Vy from the preceding corollary. Let R be
any commutative K-algebra, V' a finite free R-module, and M = P ® V. Suppose
t € R and the degree-zero Pr-linear map A : Lr — Endp, (M) satisfies

t(X(A(Y)) - Y(A(X)) — A([X,Y])) + [A(X), A(Y)] = 0. (5.4)
For Bx = t(X + div X) + Xn + A(X), inclusion gives

VooV = M/Y By, (M). (5.5)
i
Apply Theorem 5.1 to &/ = Endgr(V) and its left module V. The isomorphism
is filtered with associated graded (P/I) ® V, and the finite exterior complex is
exact in positive degrees. All assertions commute with arbitrary base change and
are equivariant when the data and the complement are preserved. In particular, a
homogeneous flat connection Vx = X + C(X) gives A(X) = tC(X). Its flatness
equation d;,C + C' A C = 0 implies (5.4); separate closedness of C' is unnecessary.
A stable graded complement exists by averaging when the group order is invertible
in K.
Flatness cannot be omitted. On Kz, y], the operators By = M, +0, and By = M,
have regular leading multipliers z,y, but [Bi, Bo] = 1. Thus f = By(Baf) — Ba(B1f)

is hit for every f, and the quotient is zero.

5.1. Free arrangements and scalar residues

For the geometric applications, take K = C. Let A be a central arrangement in C%,

choose a linear equation ¢y for every H € A, and let

D(A) ={X € Derc(P) : X({g) € £y P for all H}.
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Assume that A is free, so this module has a homogeneous basis Xi,..., Xy. It is
closed under brackets. If its usual arrangement exponents are ey, ..., ey, then the
anchor degrees used above are a; = e; — 1.

Call a homogeneous polynomial 1 admissible if its restriction to each intersection
flat of A has no critical point outside the origin. For every degree h > 2, admissible
polynomials form a nonempty Zariski open subset of Pj; restriction to a fixed flat is
surjective, a general degree-h form on that flat has a smooth projective zero locus,
and there are only finitely many flats.

The regular-sequence consequence can be proved directly. At a point z, let X
be the intersection of the hyperplanes containing x. The values at z of logarithmic
derivations span exactly X. Containment follows from tangency. For the reverse
inclusion, if v € X, then the constant vector field in direction v, multiplied by
1. o H Ly, is logarithmic and takes a nonzero scalar multiple of v at x. Thus
the common zero locus of all X;(n) is the origin when 7 is admissible. These N
polynomials therefore form a regular sequence.

The maps
X ()

ly

xu(X) =

are polynomial, P-linear, homogeneous Lie cocycles of degree zero. Corollary 5.2
consequently applies to

. X(¢
Bn(X)(g) = div(gX) + (X(n) + Y b H>) g (56)
H
HeA
with every ¢ and every collection (by). Its associated graded quotient is the Solomon—
Terao complete intersection P/(Xin,...,Xxn); this terminology follows [7]. In
particular, for ordinary polynomial degree,

N N

Hilb(gr(P/#p);q) = [Jlei +h =1y, dime P/oAp = [J(ei+h—1). (5.7)

i=1 =1
There are no parameter exclusions.

The same conclusion holds for any free multiarrangement with positive integer
multiplicities my, replacing D(A) by {X : X (¢g) € £} P}. This module is closed
under brackets; if X (¢) = ¢™a and Y (¢) = £™b, the terms of order 2m — 1 cancel
in [X,Y](£). The evaluation argument uses [, .4 (" instead, and is otherwise
unchanged.

Reflection groups. For every finite complex reflection group, its reflection ar-
rangement is free by Terao’s theorem [8, Theorem 2|. Hence (5.6)—(5.7) provide a
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family for every such group. If n is group-invariant and the weights bz are constant
on hyperplane orbits, every assertion is equivariant. Such an invariant admissible
potential always exists in sufficiently large degree. For example, the invariant forms
of degree 2|G| have no projective base point; for a nonzero x, choose a linear form
nonzero on its finite G-orbit and square the product of all its G-translates. The
resulting invariant form does not vanish at x. Restricting this base-point-free linear
system to each projective flat and applying Bertini’s theorem gives a general invariant
admissible potential. Zero-dimensional projective flats are handled by choosing a
form nonzero at the corresponding point.

For a general complex reflection group the comparison algebra here is the dis-
played Solomon—Terao complete intersection, with degrees e; + h — 1. The following
specialization gives ordinary coinvariants for every finite real reflection group.

Corollary 5.3. Let G be a finite real reflection group acting on the complexifica-
tion of its real reflection representation. Choose orthonormal coordinates and basic

homogeneous invariants pi,...,pN, with degp; = d;, and put

1 1 9
Xi:gini> 7]:2;%'

For every t € C and arbitrary logarithmic weights by, the joint-image quotient of the
operators

: Xi(l
g +— pig +t div(gX;) + <Z by E(HH)) g
H

has associated graded vector space equal to the ordinary coinvariant algebra Cg =
P/(p1,...,pN). Every fixed graded complement representing Cq is a basis space for
the quotient at all these parameters. If the weights are constant on hyperplane orbits,
this is an isomorphism of filtered G-modules. The universal quotient is free over the

polynomial ring in all the displayed parameters.

Proof. The gradient fields are logarithmic because reflection invariance of p; makes
its derivative normal to a reflecting hyperplane vanish on that hyperplane. Their
coefficient determinant is a nonzero constant times [[ ¢m, by the basic-invariant
Jacobian formula for real reflection groups. They therefore form a basis of D(A);
in Cramer’s rule for any logarithmic field, each numerator determinant vanishes on
every H, so is divisible by the same squarefree product. Finally, X;(n) = p; by Euler’s
identity. Corollary 5.2 applies to the regular sequence of basic invariants. O
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5.2. Matrix and universal residues

For a free central arrangement A, choose matrices Ry € Endg(V'), one for each
hyperplane. Suppose that for every codimension-two intersection flat Z,

Ry, > Ry |=0 (H22Z) (5.8)
H'DZ

Then

AX) =D RHM
HeA b
is polynomial on L = D(A), separately closed, and satisfies [A(X), A(Y)] = 0.
Consequently (5.4) holds for every t, independently of the matrices’ eigenvalues or
Jordan forms. The quotient in (5.5) is therefore a simultaneous free family over the
coordinate ring defined by the matrix relations (5.8), together with the independent
parameter ¢.

Here is an elementary verification of the curvature assertion. The rational matrix-
valued one-form w = ) ;; Ry dloglpy is closed. Group the terms in w A w according
to the codimension-two flat Z = H N H'. The group for Z is the square of the
logarithmic form for the hyperplanes containing Z, regarded on the two-dimensional
quotient by Z. If F is its radial Euler field, contraction of that square is

> Rp, > Rpdlogly| =0

HDZ HDZ

by (5.8). A rational two-form on a two-dimensional vector space with zero contraction
by its nonzero radial field is zero. Every group of terms therefore vanishes. Restriction
to logarithmic vector fields proves the assertion about A.

For a finite real reflection group G and a representation p : G — GL(V), a
particularly natural choice is

Ry =ky (1 — p(sm)),

where sy is reflection in H and kg is constant on G-orbits of hyperplanes. These
matrices satisfy (5.8); in the rank-two parabolic subgroup fixing Z, the sum of the
weighted reflections is central, since its coefficients are constant on conjugacy classes.
With the quadratic potential and gradient basis of Corollary 5.3, the associated
graded quotient is

Co®cV
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with the diagonal G-action, for every value of ¢ and the orbit parameters kr. More
generally, arbitrary residues satisfying (5.8) give the same vector-space conclusion for
every free arrangement, without a semisimplicity assumption.

The residue construction also works for every finite complex reflection group. Let
R(G) be its set of reflections, choose parameters ks constant on G-conjugacy classes,
and set

Ry = Z ks(1— p(s)).

seER(G)

Fix(s)=H
For a codimension-two flat Z, the sum of the Ry with H D Z is a scalar minus a
conjugation-invariant weighted sum of reflections in the pointwise stabilizer Gz. It
is therefore central in the image of R[Gz|, while each of these Ry belongs to that
image. Thus (5.8) holds. Using a G-invariant admissible potential as in Section 5.1
gives the equivariant associated graded quotient

ST(A,n) ®cV

for all parameters. For real reflection groups the quadratic potential specializes this
statement to the ordinary coinvariant algebra.

The universal residue algebra. For a free central arrangement, an explicit uni-
versal algebra is

Cltl{rg : H € A)

A = ’
([TH,ZH/QZ TH/} :codimZ =2, HD Z)

where the coefficient ¢ is central. Define

The rank-two curvature calculation above is valid with values in any associative
algebra. It proves dpa = 0 and [a(X),a(Y)] = 0, hence (5.1). For every admissible
potential, the resulting quotient is therefore free over @74, with any homogeneous
Solomon—Terao basis as a right-module basis. Every representation of ©74, including
nonsemisimple and infinite-dimensional ones, inherits the same normal forms and
positive-degree acyclicity. For a real reflection arrangement with the quadratic
potential, the universal right-module basis can be any homogeneous basis representing
Cqa. The construction is equivariant under arrangement symmetries acting on the
algebra by permuting the generators ry.
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5.3. Connections in the potential parameters

The uniform normal forms also carry an explicit flat connection. This construction
gives a parameter family of finite-dimensional connections for every free arrangement,
with no additional nonresonance conditions on its residues.

Retain P, L, n and the regular sequence X;n from Corollary 5.2, and write h = degn.
Let o/ be a unital associative complex algebra. Fix a homogeneous flat L-connection

Vx=X+C(X) on P,

where C(X) € P® 7 acts on the left, is P-linear in X, and has the anchor degree of
X. Flatness means

X(C(Y)) - Y(C(X)) - C(IX, Y]) + [C(X), C(Y)] = 0.

Choose homogeneous polynomials ¢1, ..., ¢, of degrees strictly smaller than h, allow-
ing constants, and introduce central parameters t,uq, ..., us. Put

Ma=n+Y by,  Bx=t(Vx+divX)+ X(na).

v=1

Differentiating in u, changes By by X(¢,). Commuting multiplication by t~1¢,
past its differential part ¢X produces the opposite term. This determines the connec-
tion in the w, direction. In the ¢ direction, preservation of the joint image allows the
commutator to be t !By, which leads to the second operator below.
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Theorem 5.4. Let Vo C P be a fized graded complement to (Xin,...,Xn). The
quotient by the joint images of Bx, is naturally a free right </ [t, u]-module with basis
any complex basis of V. Its finite exterior complex is exact in positive homological

degrees, over the parameter algebra and after every coefficient-module specialization.

After inverting t, the operators
D, = 0y, +1t ' My, Dy = 0y — t 2 My, (5.9)

descend to the quotient. They are mutually commuting connections in the displayed
parameter directions. In the fixed normal-form basis, their matrices have coefficients
in o/[t,t=t u]. Att =0, the u,-connection matrices have poles of order at most one,
and the t-connection matriz has a pole of order at most two. There are no poles at

other finite parameter values.

Proof. The leading polynomial-degree part of By, is still multiplication by X;n. The
extra terms u, X;¢, have strictly smaller degree, as do the connection and divergence
terms. The operators remain right balanced, and their commutators equal {B[x y,
because dr (X +— Xny) = 0 and the potential is scalar. The degree-reduction proof of
Theorem 5.1 and its degree-decreasing variant therefore give the free basis and higher

exactness.

On the full polynomial module, direct calculation gives
[Dy, Bx] = X(¢v) — X(¢y) =0,  [Dy, Bx] =t"'Bx.

For the second identity, writing Lx = V x+div X, the derivative term is Lx, while the
multiplication commutator contributes ¢t~! X (n,). Thus every connection preserves
the sum of the images. Moreover,

[D;MDV] = O7 [Dl/;Dt] = —t_2M¢U + t_2M¢V =0.

This proves flatness on the quotient.

The normal-form projection is right <7[t, u]-linear and uses no parameter inverses.
Hence the normal forms of ¢, v and nyv, for basis elements v € Vj, have polynomial
coefficients in the parameters. Equation (5.9) gives exactly the asserted pole orders.
The algebraic exactness persists under every coefficient-module specialization. The
connection identities persist under every parameter-independent representation of 7;
more generally, one may use coefficient modules equipped with compatible parameter
connections. A parameter derivative is not asserted to descend to a quotient that
fixes that same parameter. O

For the universal residue algebra 74, use C(X) = >y raX(ln)/lH, regarding
the residue generators as independent of the new central parameter ¢. The rank-two
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relations make this a flat connection. The theorem then supplies one universal flat
parameter connection whose every representation has the corresponding Solomon—
Terao normal forms. For a real reflection group with quadratic potential, the rank of
its finite coefficient specialization is |G|dim V', and the underlying associated graded
module is Ca ® V.

5.4. Constant matrix curvature

For constant matrix perturbations, flatness can be imposed on a quotient of the
coefficient module. The following elementary observation identifies that quotient.

Let A be a commutative C-algebra, let V be an A-module, and put P =
Clz1,...,zn]. All endomorphisms called constant below are independent of the
x;, but may depend on parameters in A.

Lemma 5.5 (Curvature reduction). Suppose
B, =tX;+ fi + A; (1<i<s)

act on P ®c V', where the X; are scalar polynomial derivations, f; € P, t € A, and
A; € Endy (V). Assume that

[B;, Bj] = Z aijk + Cij,
k

with scalar coefficients afj € A and constant endomorphisms C;;. Let R C'V be the
smallest submodule stable under all A; and containing all Ci; V. If H =", Bi(P®V),
then P ® R C H. Consequently the quotient by H is the joint-image quotient of the
induced operators on P ® (V/R).

Proof. The commutator identity puts P ® C;;V in H. If P®@ U C H, then
g® A= Bi(gou) — (tX;g+ fig) @ue H (ge P, uel).

Iteration gives P ® R C H. Stability under the A; makes all operators descend,
proving the quotient assertion. O
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Theorem 5.6. Give P a positive integral grading. Let a finite-dimensional graded
Lie algebra act on P, with homogeneous derivation basis Xi,...,Xs and constant

structure coefficients
(X, X Zc”Xk, deg X; = a;.

Suppose h > 0 and homogeneous polynomials f;, of degrees d; = a; +h > 0, form a

regular sequence and satisfy

Xi(fj) = X(f:) =>_ ki fi-

k

For arbitrary constant A; € Enda(V), set

B; =tX; + fi + Ai, Cij = [Ai, Aj] tZCWAk,

R=)>YA,Cy;V, W=V/R,

w,i,J
where w ranges over all words in 1, ..., s, including the empty word. For any homoge-
neous vector-space complement E to (f1,..., fs), the quotient map induces a filtered
isomorphism
~ P®cV
E®cW ¢

The Chevalley—Filenberg complex of the induced operators on P @ W, with bracket
multiplied by t, is exact in positive homological degrees.

Proof. The cocycle identity gives [B;, Bj] =t >, cijk + Cjj, so Lemma 5.5 reduces
the quotient to W. The induced operators satisfy the required Lie relations. Give a
basis wedge X;; A---A X, filtration shift d;; +---+d;,. Multiplication by f; preserves
total filtration degree; tX; lowers it by h, A; by d;, and a nonzero bracket term by
d; +dj — d = h. The associated graded differential is the Koszul differential of the
regular sequence (f;), tensored over C with W. The degree-reduction argument in
Theorem 5.1 now gives positive-degree exactness and the normal-form decomposition
with complement £ ® W. U
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Corollary 5.7. Let n € P have ordinary polynomial degree h > 2, and suppose the
partial derivatives of its highest homogeneous part nn form a regular sequence. For

constant endomorphisms A1, ..., AN, set

B;=t0i+0m+Ai, R=Y AyA; 4]V, W =V/R
w?i’j
If E is a homogeneous complement to the Jacobian ideal of ny,, the joint-image quotient
is E®@c W, and the induced commuting Koszul complex is exact in positive degrees.
In particular, when V is finite dimensional over C, its dimension is (h — 1)~ dim¢c W.

Proof. Since [B;, B;] = [A;, A;], curvature reduction makes the operators commute on
W. The Koszul filtration by polynomial degree plus p(h — 1) has leading differential
given by the regular sequence (9;n;). The degree-reduction argument applies; the
complete intersection has length (h — 1)V. O

The module W is the largest quotient on which the induced constant operators
satisfy the required Lie relations. Its formation commutes with base change because
it is the cokernel of the map with columns A,,C;;. In finite dimension it is found by
repeatedly adjoining the A;-images of the initial curvature images. For fixed complex
matrices in the gradient case, W is independent of ¢, and the quotient over C[t] is
freeon F @ W.

There is also a universal form. Take V' = CJ[t](ay,...,as), with A; acting by left
multiplication by a;. Then

Cltl{ay,...,as)

W = Uy(g) = ’
+(g) (aiaj —aja; —tY ijak)i’j

and Theorem 5.6 identifies the quotient with the free right U;(g)-module E ® Uy(g).

6. Jacobian operators and resonant fibers

The preceding normal forms have no exceptional parameters because their differential
terms lower degree. Jacobian operators instead have terms of equal degree, so
resonance can occur. A single Euler identity isolates the possible resonant degree in
both scalar and vector-valued families; the remaining task is to measure the defect
there.

Let P = C[z1,...,zn], with positive integer weights w;, and put W =) w; and
E, =), wz;0;. Let M be a graded P-module and choose A; € M_,,,. Set

F:ZwixiAi, j:ZAiP, ZA:{Zgiai:ZAigi:O}.
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For t € C, define

By i(g) = Aig + tF 0,9, I = Z By i(P).

Lemma 6.1 (Euler reduction). One has 4 C ¢, with equality unlesst = —1/(W +
d) for some d with Py # 0. At that parameter, multiplication by F identifies 7 |7
with

(P/div Za)a,
placed entirely in target degree d.

Proof. Since F € ¢, the inclusion is immediate, and # = J#% + FP. The identity

Z wiByi(zig) = F[1 + t(Ey + W)]g

kills FP; in the quotient unless 1 + ¢(W + d) = 0. This proves equality away from
the stated parameters and concentration in degree d at resonance.

Suppose Fu =Y. By i(¢:), with u € Py, g; € Pyyw,, and t = —=1/(W +d). Put
v=u— tz 0:9i.
i

Then ), A;g; = Fv. Subtract the Euler expression Fv = ), A;(w;x;v); the differences
ri = g; —w;x;v form an actual syzygy, > . A;jr; = 0. Their divergence recovers u, since

£y O =u—[1L+t(W +d)v=u
i
Conversely, > . A;r; = 0 gives >, By () = tF ), 0jr;. Since t # 0, the kernel is
precisely (div Z4)q. O
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6.1. Hypersurfaces

Theorem 6.2. Let F' € P be nonzero and weighted homogeneous of positive degree
h. Put S ={d: P; # 0} and

Bi(g) = Fig +tFdig, Fy=0F, J(F)=Y %.P).

If
h
t ————:deSs
? { Wrd “° } ’
then 4G(F) = (F,...,Fn). An isolated critical point is not required for this equality.

Proof. Apply Lemma 6.1 with M = Pe, dege = —h, A; = h™!Fje, and parameter
t/h. BEuler’s identity gives F = Fe, and the normalized operators are h™ 1%, e. [0

If F has an isolated critical point at the origin, its partial derivatives form a regular
sequence, and throughout this range

‘ 1 _ h—w1
Hilb(P/;(F);q) = | #

For ordinary homogeneity of degree h > 2, this becomes
Hilb(P/ A (F);q) = 1+ q+---+¢" 2N,  dim(P/H(F)) = (h—1)V.

The equality of subspaces is automatically equivariant for every finite linear group
preserving F'.

Under the isolated-critical-point hypothesis, the free Lie module L = F Der(P) and
cocycle dF/F also place this family in Theorem 3.1, since w(F9;) = div(F09;) = F;.
Euler reduction determines the individual specializations.

6.2. The exact defect at every exceptional parameter

Now assume N > 2 and that F' has an isolated critical point at the origin. The Euler
reduction leaves the divergence quotient of the fields tangent to F. Put

Kp=P/J(F), J(F)=(F,...,Fy),

and retain the notation above.
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Theorem 6.3. Ift is not of the form —h/(W +d) with d € S, then P/ (F) = Kr.
Att = —h/(W +d), with d € S, one has

Hilb(K p; u)

Hilb(P/ 4 (F); q) = Hilb(Kp3 q) + " u’) ==

(6.1)

More precisely, the quotient J(F)/(F) is concentrated in weighted degree h + d

and is naturally isomorphic to
P
S (F0; — Fidy)(P)

i<j

(Vr)d, Vr =

The graded C[F]-module Vr is free, with a homogeneous basis obtained by lifting any
homogeneous vector-space basis of Kp.

If a finite linear group G preserves the weights and F', all the natural maps above
are G-equivariant. In particular, the exceptional defect, as a G-module, is isomorphic
to

P Er)ain, (6.2)
§>0

placed entirely in weighted degree h + d. Terms of negative degree are zero.

Proof. The normalized Euler family above has syzygy module Op = {X : X(F) = 0}.
Since the partial derivatives form a regular sequence, this module is generated by the
Koszul fields F;0; — F;0;, whose divergences vanish. Hence

divOr = Z(Fjai — F;0;)(P).

i<j
Lemma 6.1, with parameter ¢/h, identifies the resonant defect with (Vg)g, in polyno-
mial degree h + d after undoing the target shift.

We prove the claimed freeness directly. Give dx; weight w;, write Q¥ for polynomial
differential forms, and identify P with QV after multiplication by the volume form.
Under this identification, the denominator defining Vp is

R=dF AdQN 2.

It is preserved by multiplication by F, because F dF A d§ = dF A d(F§). Let
E, =), wiz;0;. For any homogeneous (N — 1)-form 7 of form weight L, Cartan’s
identity gives

LdF ANnp=dF Ndvg,n~+ hF dn.



The Hivert—Thiéry conjecture and differential normal forms 51

Since N > 2 and the weights are positive, L > 0. It follows that
dF ANQNTL = R+ FON.

The reverse inclusion uses Euler’s identity for F'. Thus Vr/FVp = K, with coefficient
degrees unchanged.

Multiplication by F' on Vr is injective. Indeed, suppose Fw = dF' A d§, with w a
homogeneous top form of weight ¢ > 0. Then

dF' A <d§ - llzbEww> =0.

Koszul exactness at Q! gives d¢ — tp, w/h = dF A C. Differentiating, and using

dig,w = {w, gives
w= %dF Nd¢ € R.

This proves injectivity. Lifts of a homogeneous basis of K now generate Vg over
C[F] by induction on degree. A relation among them reduces modulo F' to a relation
among the basis of K; its constant coefficients therefore vanish. Injectivity of F'
permits cancellation, and iteration proves linear independence. Hence

proving (6.1).

All the maps defining the defect are natural under linear transformations preserving
the grading and F. Choose a graded G-stable complement to J(F') in P, which
exists by averaging in each degree. Its image provides equivariant Milnor-basis lifts
in the preceding freeness proof. Since F' is invariant, this gives Vp = Kr ®c C[F] as
graded G-modules, and therefore (6.2). The natural sequence 0 — J(F)/ 4 (F) —
P/#(F) — Kp — 0 also splits degree by degree as a G-module sequence. O

For ordinary homogeneity and N > 2, this gives an exact exceptional set as well
as the size and character of every defect. If h > 3, the polynomial Hilb(Kp;u) =
(1+u+ -4+ u2)N has positive coefficients in every degree from 0 to N(h — 2),
and N(h —2) > h — 1. Thus every —h/(N +d), d > 0, produces a nonzero defect. If
h =2, then Kr = C, so a defect occurs exactly at

2

t=— >0

and has dimension one, in degree 2 + 2j.
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In one variable there is a different, elementary answer. Write F' = az!!, with a # 0,
and give x weight w. Then

By (2*) = a(H + t0)xT 1,

The quotient equals P/(x=1) unless t = —H/{ for an integer £ > 1. At such a

parameter it acquires exactly one additional monomial class, zf+¢1

, of weighted
degree w(H + ¢ —1). This also explains why the N > 2 hypothesis is needed for the
Brieskorn-module freeness formula above.

The actual weighted exceptional set can be stated without coefficient extraction.

Let a1, ..., a, be the degrees of a homogeneous Milnor basis, counted with multiplicity,
and put
W +a; .
05 = Tj (1<j<p).

For N > 2, the parameters at which the quotient differs from K are exactly

1
— 1< < keZ .

At t = —h/(W+d), the defect dimension is the number of pairs (4, k) with a;+kh = d,
as read from the homogeneous basis F’ kvj of Vp.

6.3. Complete intersections

The Euler argument also applies to a vector-valued family attached to a complete
intersection. The Buchsbaum—Rim complex identifies the divergence quotient with a
Brieskorn module, whose rank is then given by Greuel’s freeness theorem.

Let P = C[z1,...,zn], with positive integer weights w;, and write W = ). w;.
Let Fy,..., F. be a weighted homogeneous regular sequence, of degrees h1,...,h, > 0,
where 1 < r < N. Assume

V(F,...,F, I.(Jp)) = {0}, Jr = (0iF,) 1<a<r
1ZiSN

where I,(Jr) is the ideal of maximal minors. Thus the zero fiber is a positive-
dimensional complete intersection with an isolated singularity at the origin. Put

op =P/(Fy,...,F, I.(Jp)), M=@EPPe,, deg(ea) = —ha,

a=1

F = ZFaea.
a
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In particular, F' has degree zero. Define

d 61'Fa

€aq
ha 7

A; =

a=1

Byi(9) = Aig + tF Oi9,

and the graded subspaces

The map %;; : P — M has degree —w;. The baseline Q) is a Jacobian cokernel; it
need not be finite dimensional.

Theorem 6.4. For everyt € C, one has 54 C Zr, with equality if

1
t¢ {W+d ZdEzi:’wiZ>0}.

At t = —1/(W + d), the defect Zr/F is concentrated in degree d, and its
dimension s

a Hilb(®p; u)
[Tomr (1 —ule)

by = [u

Consequently,

Hilb(M/#4; ) = Hilb(Q: q) + bag”.

More precisely, there is a canonical identification of the defect with the degree-d part
of
Vr = P/divOp, ©r ={X € Derc(P) : X(F,) =0 for every a}.

The subspace div Of is stable under multiplication by each Fy, and Vp is a free
C[F1, ..., Fy]-module on homogeneous lifts of a basis of P .

If a finite group G acts linearly, preserves the weights, and fixes each F,, then the
defect, with its entire underlying space placed in degree d, is isomorphic as a G-module
to

B (@r)as, hoke

(k‘l,...,k‘r)EZTZO

The natural sequence with quotient Qp splits as a graded G-module sequence.

Proof. Weighted Euler gives F = ). w;x;A;, and the syzygy module Z4 is exactly
Op. Lemma 6.1 therefore gives the nonresonant equality and identifies every resonant
defect with (Vg)g4. Since div(F,X) = F,div X for X € ©p, this quotient is a module
over C[Fy,..., F,].
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We next identify and compute this module. Set
D =dF; A---NdF,, R=DAndQN 1,

We claim that multiplication by the volume form identifies Vr with QY /R. Here and
below €/ denotes polynomial differential forms.

To justify the syzygy assertion needed for this claim, let Z = V(I,.(Jr)). The
positive grading and the finite-dimensionality of P/(Fi,..., F., I,(Jr)) imply, by
induction on degree, that P/I.(JF) is finite over the subalgebra generated by the F,.
Thus F|z is finite. On each reduced irreducible component of Z, the differential of F
has rank at most r — 1; in characteristic zero its image therefore has dimension at
most r — 1. Finiteness gives dim Z < r — 1, and consequently

grade I (Jp) > N —r+ 1.

The Buchsbaum—Rim exactness theorem [5, Corollary 2.6] now says that ker Jp is
generated by the alternating maximal-minor vectors associated to the (r 4 1)-element
subsets of the columns. For each associated vector field 4, its contraction with the
volume form is, up to sign, D A /3, where 3 is a constant coordinate (N — r — 1)-form.
These vector fields have zero divergence, since d(D A ) = 0. It follows that

(divOp)dry A---Adzy = DAY "1 =R,

In particular, this identity concerns the image of the divergence map as a vector
subspace, without taking an ideal closure.

The quotient by the base parameters is elementary. Give dz; weight w;. For a
homogeneous (N — r)-form n of form weight L, Cartan’s identity implies

LDAn=DANdig,n+ (=1 (g, D) Adn.

Since N —r >0, L > 0. Every term of g, D is a multiple of some F,, by weighted
homogeneity. Since D A QN~" = I.(Jp)QV, this proves

R+ (F,...,F)QN = (I(Jp) + (F1,..., F.)) QY. (6.3)

Hence, with coefficient degrees unchanged, Vg /(Fi,..., F.)Vr = ®r. Homogeneous
lifts of a basis of @ generate Vg over C[F1, ..., F,] by induction on weighted degree.

For independence of these lifts, we use Greuel’s freeness theorem [6, Proposition 4.8,
p. 261]. In the present smooth ambient space and positive fiber dimension it states

that the analytic Brieskorn module
N
Q(CN,O

dFy A+ NdF, N QYT
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is a finite free module over C{yi, ..., y,}, with y, acting by F,. The assumptions hold
because the zero fiber is an isolated complete intersection singularity and the ambient
space is smooth. The same Euler homotopy proves (6.3) for convergent forms; division
of a homogeneous component by its positive form weight preserves convergence near
the origin. Its fiber is therefore ®g; a finite-colength polynomial quotient agrees with
its analytic version, since a sufficiently high power of the maximal ideal is already
zero. Nakayama’s lemma and analytic freeness show that the chosen homogeneous
lifts form an analytic basis.

Any polynomial relation among the same lifts in 2V /R would be an analytic
relation among that basis. Its coefficients must vanish as germs in the independent
base variables y,, and hence as polynomials. The lifts are therefore independent over
C[F1,..., F;]. This proves polynomial freeness and the Hilbert-series formula.

Finally, the coefficient-space constructions, including divergence, are equivariant
for a linear group fixing the F,. Choose a graded G-stable complement representing
® . Its lifts provide an equivariant free basis in the preceding argument, and each Fj,
is G-invariant. Thus

Vi = Op ®c C[FY,..., F
as graded G-modules. The natural sequence
0— JIrp/H — M/ — Qr — 0
splits degree by degree by averaging. U

Ifa,...,a, are the degrees of a homogeneous basis of ® r, counted with multiplicity,
then the actual exceptional parameters are exactly

1
— 1<i<pu, (ki,....k)€Z5; .
{ W+aj+22:1haka Sisw ) >0}

At t = —1/(W + d), the defect dimension is the number of pairs (j, (k1,...,kr))
with a; + >, hoke = d. For r = 1, multiplying the operators by hi, replacing the
parameter by hit, and undoing the target grading shift recovers Theorem 6.3.

The remaining codimension » = N has a simpler answer and does not require a

singularity-theoretic input.

Proposition 6.5. Let Fy,..., Fn be a weighted homogeneous regular sequence of
positive degrees, and use the same mormalized operators and target grading as above.

Then 56 = ZF except at the parameters

P, +0.
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At such a parameter the defect is canonically Py, placed in target degree d. In

particular,

Hilb(M/; q) = Hilb(QF; ) + (dimc Py)g”.

For a finite linear group preserving the weights and every F,, this is also the exact

G-module defect.

Proof. The regular sequence has finite-dimensional quotient, so P is finite over
C[Fy, ..., Fy]. Dimension therefore forces the F, to be algebraically independent. In
characteristic zero their Jacobian determinant is nonzero, and consequently O =
ker Jp = 0. Lemma 6.1 applies without » < N and gives the asserted defect
P;/(divOp)g = Py. O
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